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In this manual for the Log Log Slide Rule, Model No. 4 (Vector
Hyperbolic) the explanations are confined almost entirely to calculations
involving hyperbolit functions. On the Model No. 4 rule the back of the
slide contains one scale labeled Th and two scales labeled Sh which replace
certain charts and legends provided on the Model No. 3 rule. Otherwise,
the rules are the same. It is assumed in this manual that any reader who
may need it has at hand the manual for Model No. 3. References in that
manual to the use of the charts may be skipped.

Usets of the hyperbolic functions will usually have need to make many
vector calculations. Therefore, Part I of this manual extends the brief
discussion given in the manual for Model No. 3. An alternative, and often

- shorter, method of calculation using the DI scale is outlined. Part 2

describes the scales used for hyperbolic functions and the elementary
aspects of their use. Part 3 discusses methods of transforming sinh z, cosh z,
and tanh z to the exponential form of vector representation. Part 4 treats
the inverse problem of finding z such that one of these functions of z is
equal to # + jv, where # and v are known. Part 5 contains a brief discus-
sion of circular functions of complex arguments.

In writing this manual a choice had to be made between the following:
(2) the description of methods which involve a minimum of settings but
which are hard to remember and understand, and (b) descriptions which
do nor always lead to the least manipulation of the instrument, but which
provide methods easier to understahd and remember. The alternative
{b) was chosen. The methods emphasized follow from formulas chosen

for the analogies between them and similar formulas in more elementary
mathematics. The notation has been kept uniform in order that the

symbolism may help the learner keep the more important formulas in
mind. The notation is, in general, that common in mathematics textbooks.
This. appeared to be preferable to a choice of notation which would seek
to avoid all symbols used in applied mathematics with special connota-
tions, such as the use of Z for characteristic impedance. Engineers and
others who may use the same symbols with specialized meanings should
have no difficulty in overcoming any temporary confusion which may
arise on this account.
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PART 1—ELEMENTARY VECTOR METHODS

CHANGING FROM COMPONENTS TO EXPONENTIAL FORM

The foflowing method of changing x + jy to the form p /6 using the
DI scale is sometimes easier to use than methods based on the D scale.

Rule: (i) To the smaller of the two numbers (x, y) on DI set an index
of the slide. Set the indicator over the larger value on DI and read 6 on
the T scale. If y < x, then # < 45° If y > x, then 8 > 45° and is read
from right to left (or on the left of the graduation mark).

(ii) Move the indicator over # on scale $ (or ST), reading S on the
same side of the graduation as in (i). Read p on DI under the hairline.

~ EXAMPLES:

(a) Change 2+ 73.46 to exponential form. Note that > x since
3.46 > 2, and hence f > 45°. Set right index of C over 2 on DI. Move
indicator to 3.46 on DI. Read # = 60° on T. Move indicaror to 60° on 8.
Read p = 4 on DI. Hence 2 +73.46 = 4/60°. i

(b) Change 114 +; 20 to exponential form. Here y < x, so 8 < 45°,
Set left index of C over 20 on DI. Move indicator to 114 on DI. Read

6 = 9.95° on T. Move hairline to 9.95° on 8. Read p = 116 on DI. Hence
114 + 720 = 116 /9.95°.

It will be observed that this rule is, in general, easy to use. In step (i) the
value of tan @ for 6 < 45° may be observed under the hairline on the
C scale, and the value of tan 8 for 8 > 45° under the hairline on CI.
It may be noted that the rule given in the manual for Model No. 3 obtains
the result in example (b) above without having the slide project far to the
right. Thus, it appears that the relative advantages of the two methods
depend in part upon the problem.

LOGARITHMS OF COMPLEX NUMBERS

The logarithm of a complex number z = x + jy is a complex number.
Let log. (x +7y) = # + ju. Then
Xtjy=e T =g ¢ = ¢ (cosv+jsinv) = e cosv + je*sin .
Equating the real and then the imaginary parts gives two equations

X=¢"cosv

y = ¢*sin v
which may be solved for # and ». By division, tan » = y/x, and hence
v = arctan  (y/x). Squaring and adding, x% 4 32 = ¢, and hence

u= leg,\/x? + y2. Then
log. (x + 7y) = log./x* + y* + j arctan (3/x) = log, p + jb.

Rule: To find log, (x + jy), first convert x + jy to polar form p/4,
Find log. p and write the results in the form log, p + j6.

Exampre: Find log, (2.6 + 7 3.4). To <onvert 2.6 + ;3.4 to polar form,
set right C-index over 2.6 on DI. Move indicator to 3.4 on DI. Read
¢ = 52.6° on T under hairline. Move indicaror to 52.6° on S (reading right
to lefr), and find p = 4.28 on DI. Set indicator on 4.28 of the 1/Nj; scale.
Read 1.454 on the DFyy scale. Then log. (2.6 + 7 3.4) = 1.454 +  52.6°,
or 1454 + 7 0.92, when 6 is in radians. This complex number may then
be expressed in exponential form if desired.
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PART 2. HYPERBOLIC FUNCTIONS OF
REAL VARIABLES

The most important hyperbolic functions may be defined as follows.
Let x be any real number and ¢ the base of Napierian logarithms, Then:

ET =

5 = sinh x (“'the hyperbolic sine of x”');
Lk & : : "
5 = cosh x (“the hyperbolic cosine of x™);
.Ex i e—:

7 F = — tanh x (“the hyperbolic tangent of x”).

These functions are found useful in the application of mathematics to
varied types of problems, and in particular, to problems in electrical
engineering. Computations involving these functions are readily per-
formed on a slide rule which has special scales for this purpose.

EVALUATING THE FUNCTIONS

The Hyperbolic Sine

The scales marked Sh on the slide represent values of x ranging from
x = 0.10 to x = 3.0, approximately. The two scales may be viewed as
one continuous scale which has been cut in half with the right hand por-
tion placed below the left portion.

Raule: When the indicator is set over x on an Sh scale, the correspond-
ing value of sinh x is on the C scale under the hairline, and conversely.
If the C and D scales coincide, sinh x may also be read on the D scale.
If x is found on the #pper Sh scale, the decimal point is at the left of the
number as read on the C scale. In other words, 0.1 < sinhx = 1. Ifx
is found on the lower Sh scale, the decimal point is at the right of the first
digit read on the C scale. In other words, 1.0 = sinh x = 10.0.

EXAMPLES:

(a) Find sinh 0.116. Set hairline over 0.116 on the upper Sh scale. Read
0.1163 on the C scale (or D scale when the indices coincide). :

Verify that: sinh 0.274 = 0.277: sinh 0.543 = 0.570; sinh 0.951 = 1.100;
sinh 1.425 = 1.960; sinh 2.84 = 8.53 :

(b) Find x if sinh x = 0.425. Set hairline of indicator over 0.425 on the
C scale, read 0.413 on the upper Sh scale.

Verify that if sinh x = 6.38, then x = 2.552.

The Hyperbolic Tangent.

The scale marked Th on the slide represents values of x ranging from
x = 10t0 x = 3.0.

Rule: When the indicator is set over x on the Th scale, the cqrrespond-
ing value of tanh x is on the C scale under the hairline. The decimal
point is at the left of the number as read on the C scale. In other words,
the approximate limits are 0.1 s tanh x = 1.0. For values of x greater
than 3, tanh x = 1.000 to a close approximation; the error is less than
one-half of 1% and decreases rapidly.

[8]
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EXAMPLES:

(a) Find tanh 0.176. Set the indicator over 0.176 on the Th scale, read
0.174 on the C scale.

Verify that: tanh 0.236 = 0.232; tanh 0.528 = 0.484; tanh 1.145= 0.816

(b) Find x if ranh x = 0.372. Set indicator over 0.372 on the C scale,
Read x =0.391 on the Th scale.

The Hyperbolic Cosine,

No special scale for the hyperbolic cosine is needed. From the defini-
tions, tanh x = (sinh x)/(cosh x), and hence cosh x = (sinh x)/tanh x.
This suggests the following rule:

Rule: With C and D indices coinciding, set indicator over x on the Sh
scale. Move slide until x on the Th scale is under the hairline, Read
cosh x on the D scale under the C index.

It will be observed that the first step in this rule sets the value of sinh x
on the D scale. The second step sets the value of tanh x on the C scale in
position for the division. The result of the division is then read on the D
scale. Viewed in another way, sinh x may be multiplied by 1/tanh x,
This reciprocal is automatically set on the CI scale in the second step of
the rule above. For all values of x on the Sh scale, 1 < cosh x = 10.06.

EXAMPLES:

(a) Find cosh 0.240. With the C and D scales coinciding, set the hirline
over 0.240 on the upper Sh scale. Move the slide until 0.240 on Th is under
the hairline. Read cosh 0.240 = 1.029 on the D scale at the C index.

(b) Find cosh 1.62. With C and D scales coinciding, set the hairline on
1.62 on the lower Sh scale. Move the slide until 1.62 on Th is under the
hairline. Read cosh 1.62 = 2.63 on the D scale at the C index.

It follows from the definitions that cosh? x — sinh? x = 1, and hence
sinh x =+/cosh? x — 1. If the value of cosh x is given, and x is'to be
found, this formula may be used to convert the problem to the orrespond-
ing case for the hyperbolic sine. :

EXAMPLE:

Given cosh x = 1.31, find x. Sincesinhx =4/131* — 1 =/1716 — 1 _

=V 0.716 = 0.846, when the hairline is set on 0.846 of the C scale, x = 768
may be read on the upper Sh scale.

COMPUTATIONS INVOLVING HYPERBOLIC FUNCTIONS

Computations involving hyperbolic functions are easily performed by
usual methods (e.g., use of the C and D scales) by setting the values of
the functions on the appropriate scales.

EXAMPLES:

(2) Find y = 24.6 sinh 0.35. Set the left index of the C scale opposite
24.6 on the D scale. Move indicator to 0.35 on the upper Sh scale. Read
¥ = 8.79 on the D scale under the haitline.

(b) Find-y = 86.4 tanh 0.416. Set the right index of C on 86.4 of D.
Move indicator to 0.416 on Th. Read y = 34.0 on D under the hairline.

[9]



(c) Find y = 77.3 cosh 1.26. In this case, it is best to set cosh 1.26 first.
With C and D scales coinciding, set indicator on 1.26 of Sh. Move slide
so that 1.26 of Th is under the hairline. Move indicartor to 77.3 of the C
scale. Read y = 147. on D.

(d) Compuze 17.95inh 0.137 X sin 22°. With C and D indices coinciding,
set indicator on 0.317 of the upper Sh scale. Turn rule over and move slide
so the right index of the C scale is under hairline. Move indicator to 22°
on the § scale. Pull slide until 179 of the CI scale is undér hairline. Read
2161 on D scale under the C index. The decimal point is found by noting
that, approximately, sinh 0.317 = 0.3, sin 22° = 4, and hence sinh 0,317 X
sin 22° is about 0.12 or %. Then 17.9 X % is aboutr 2. Hence the result
is 2.161.

Other Hyperbolic Functions

By definition, the following rslations hold:

1/tanh x = coth x ("the hyperbolic cotangent of x")

1/cosh x = sech x (“'the hyperbolic secant of x”')
. I/sinh x = csch x ("'the hyperbolic cosecant of x"').
Since the values of these three additional functions are the reciprocals of
functions discussed earlier, coth x and csch x may be read directly on the
CI scale. After cosh x has been set on the D scale, sech x may be read on
the DI scale on the front side of the rule, or if the indices coincide, on the
CI scale of either side.

EXAMPLES:
Verify_that coth 0.49 = 2.2, ¢sch 0.49 = 1.96, sech 0.49 = 0.801.

SMALL VALUES OF THE ARGUMENT

For small values of the argument x, the hyperbolic sine is approx-
imately equal to x. Consequently, in computations involving sinh x for
X < 0.10, no special scales are needed. The value of x may be set directly
on a C or D or other appropriate scale and the compuration continued.
The same is true of the hyperbolic tangent. Moreover, the hyperbolic
cosine for x < 0.10 is approximately equal to 1.

In evaluating hyperbolic functions of complex arguments, values of the
circular sine and rangent less than 0.57° are sometimes needed. Although
these values can be found by use of the special graduations for this purpose
(see manual for Model No. 3, page 19), it is usually more convenient to
read the ST scale as though the decimal point were at the left of the
numbers printed, and to read the C (or D, CI, DI, etc.) scale with the
decimal point one place to the left of where it would normally be., Thus

sin 0.2° = 0.00349; tan 0.16° = 0.00279, read on the C scale.

EXAMPLES:

(a) Find V/sinh 0.073. Set the indicator over 73 on the D scale of the
front side of the rule. Read 0.27 on the upper scale root scale. Then
A/ sinh 0.073 = 0.27.

{(b) Find log tanh 0.06. Set indicator over .06 on scale 1/Ny. Read
—1.222 on the D scale, or 8.778 — 10 on the Co scale. ;

f10]
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PART 3. HYPERBOLIC FUNCTIONS OF
COMPLEX ARGUMENTS

The definitions of the hyperbolic functions may easily be extended to

include cases in which the independent variables, or arguments, are com-
plex numbers. Let z represent any complex number x + jy, where x and y

are real numbers. Then:

it 20 ; o o & gx
3 -—-smhz,-2—=coshz,m=tanh 2.

By use of the definitions and the formula ¢ = cos z + 7 sin z the follow-
ing relations may be verified:

(1) (efz — %) /2 = sin z; (¢ 4+ ¢~3)/2 = cos 2z
(2) sinh z = -- sinh (—z) = —jsin jz
(3) cosh z = cosh (= 2) = cos jz
(4) sinh jz = 7 sin z
(5) cosh jz = cos z
(6) cosh? z — sinh?z = 1
(7) sinh z = sinh (x + jy) = sinh x cosh jy + cosh x sinh jy
= sinh x cos y + j cosh x sin y
(8) cosh z = cosh (x + fy) = cosh x cosh jy + sinh x sinh jy
= cosh x cos ' + j sinh x sin y
(9) tanh z = tanh (x + #) = sinh (x + jy)/cosh (x + )
(10) sin z = sin (x + fy) = sin x cosh y + f cos x sinh y
€os z = cos (x + jy) = cos x cosh y — j sin’x sinh y
(11) sinh ( — z) = — sinh =z
cosh ( — z) = cosh z
anh ( — z) = — tanh z
For particular values of z each of these functions is, in general, a complex
number which may be regarded as a vector expressible in either the com-

ponent form or in exponential form, p /4.

Sometimes the complex number z is given in exponential or polar form
p/6; for example, sinh p/6, or in particular, sinh 2.4/15°. In this case z
may be expressed in the form x + jy by means of the relations x = p cos 8,

y = psin 8. Thus sinh 2.4/15° =sinh 2.315 + 7 0.622.

CHANGING SINH Z FROM COMPONENT TO
EXPONENTIAL FORM

By formula (7) above, the complex number or vector
sinh 2 = sinh x cos y + j cosh x.sin y
is expressed in component form. If, for simplicity, # and » are defined by
the formulas
# = sinh x cos y
v = cosh x sin y,
then sinh z = # + jv.

[11]



A geometric representation of this complex number may be made by
means of a w-axis of real numbers and a s-axis of pure imaginaries. The
polar coordinates (p, 6) have their usual meanings. :

v P e
=
£
2 % (Fig- 1)
G
g
é
L

0| sinh xcosy 4 5

Methods of changing to the polar form p/# by use of the slide rule will
now be explained. First; it should be noted thar the real number y may be
expressed in either radians or angular degrees. Since the graduations on the
S and T scales are in terms of degrees, this measure is more convenient,
A value of y given in radian measure should therefore first be converted to
angular degrées.

To recall the formula for sinh z readily, notice the following analogies:
For real variables,

sinh (x + 3) = sinh x cosh y + cosh x sinh y
is similar in form to !
sin (x + y) = sin x cos y + cos x sin ¥.
For the complex variable,
sinh (x + /y) = sinh x cos y + j cosh x sin ,

there are formal similarities, but the operator j serves to replace the

functions of y by ordinary circular funcrions. Thus, x is always associated
with hyperbolic functions, while y is associated with circular functions.

The following relations (See Fig. 1) ate basic to the computations:

v coshxsiny ‘tany
I (a) . tme:_;;:sinhxcosy_tanhx
) _ sinh xcos y

cos 8

Observe that the ratio for tan § involves a function of y divided by a
~ function of x, and is thus analogous to tan § = y/x for circular functions.

Finding p for sink (x+jy)

Although it is usually better to find 8 first, the explanations are long.
The exposition is simplified by first considering 2 method of finding p
assuming 6 is known. If ¢ has been found first the value of p may be com-
puted by the following rule, based on formula I (b).

Rule for p: With C and D indices coincidinf

first, set the hairline over x on an Sh scale, and turn the rule over;
second, move the slide until 6 on the S scale (read from right to lefs
for the cosine) is under the hairline;

third, move the hairline to y on the S scale (read from right 10 lefs);
read p on the D scale under the hairline.

[12]
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Note that the first step sets sinh x on the C scale, the second step divides
this by cos 6, and the third step multiplies by cos y. All the operations ate
actually done on the C and D scales, but only the final result needs to be
read on D. The values of sinh x, cos y, and cos 4 are automatically ser.

ExampLEs:

(a) Find p for sinh (0.48 + 7 17°), given that # = 34.4°. With Cand D
indices together, set hairline over x = 0.48 on Sh. Move slide until 34.4
on § (reading from right to left) is under hairline. Move indicator to 17
on § (reading from right to left). Read p = 0.578 on D under hairline,

(b) Find p for sinh (1.4 4 7 40°), given that § = 43.4°. With indices
together, set indicator over 1.4 on Sh. Move slide until 43.4 on § (reading
right to left) is under hairline. Move indicator to 40 on § (right to left).
Read p = 2.01 on D under haitline,

(c) Find p for sinh (0.73 + j 2.2), given = 3.53°. With Cand D indices
together, set hairline over x = (.73 on Sh. The settings for cos 3.53 and
cos 2.2 are so near the right end of the slide that practically no change from
the original setting is observable. In other words, for y = 2.2°, the value
of 7 = cosh x sin y is near zero. The value of cos y is near 1, and p is ap-
proximately equal to » = sinh 0.73. Hence p = 0.797.

Finding 0 when y < 45°.

The ratio of the “pure imaginary” component to the real component
determines the tangent of 6, and hence 6, as shown in formula I (a). The
general rule is as follows.

Rule for 6: To find 8 for sinh (x + jy) in the form p/8: ;
first, with C and D indices together, set hairline over yona T scale;
second, move slide until x on Th is under hairline;
third, move indicator to C index;
fourth, move slide until C and D indices are together. Read 6§ on

a T scale under the hairline. :

The determination of the T scale on which § is to be read depends upon
the decimal point in the value of tan 8. This value may be noted on the
D scale at the C index. However, to determine the decimal poin, it is
well to make a mental note of the approximate values of tan y and tanh x
as they are set. By taking only the first digit, a mental computation easily
gives the decimal point in the value of tan 4. : _

The following cases may arise. Note especially case (jii):

Rule:

(i) If0.01 <tan @ < 0.1, then 0.573° < § = 5.71° on ST
ii) If 0.1 <tan @ = 1.0,then 5.71° < 0 s 45°0on T
(iii) If 1.0 < tan @ 5 10.0, then 45° < § s 84.3° In this excep-
tional case, the rule above must be altered. After step two,
0 is on T above the right D index, and T is read from right to
left.

The following cases may also occasionally occur:

(iv) If 10.0 < tan 6; then 84.3° < A < 90°. Since tan ¢ = cot 6,
where ¢ = 90 — 4, the angle ¢ may be read on the ST scale
and then § = 90 — .

(v) If 0 = tan @ < 0.01, then 0 = 6 < 0.573°. Read angle on ST,
and divide by 10; that is, move decimal point one place to left
of ST reading.

[ 13 ]




Step one sets the value of tan y on the D scale. Step two automatically
sets the value of tanh x on the C scale for the division. The quotient is
on the D scale at the C index. Since this is the value of tan §, when the
indices are brought together in step four the value of 6 on a T scale is under
the hairline. If desired, the following can be substituted for steps three
and four above.

Thitd, read D scale at C index and move indicator over this value on C.

Fourth, read 6 on a T scale under the hairline.

Alchough these last two rules may appear easier to use than the others, it
should be remembered that to start finding p by the rule given earlier the
indices must be together. Thus, the rule as originally given ends with the
slide in position to begin finding p. Other methods are given later.

Since tanh x < 1, it follows from the relation tan § = tan y/tanh x that
8 > y for all values of y < 90°. Moreover, since tanh x— 1 as x becomes
larger, the difference # — y becomes smaller as x increases. These observa-
tions are sometimes useful as a rough check on 6. Thus, forsinh (1 + 7 75°)
the value of 6 is 78.45° (Note 78.45 > 75); for sinh (2 + f 75°), 8 = 75.5;
for sinh (1 + 781°), § = 83.15, and for sinh (2 + 7 81°), § = 81.34°,

Each of the following examples should be followed through several
times to gain familiaricy with the method and to observe how quickly the
calculation can be completed when the derails of the explanation are
omitted.

EXAMPLES:

(a) Find 6 for sinh (0.48 + 7 17°). In this case, tan 8 = tan 17°/ ranh 0.48.
Set the slide so that C and D scales coincide, Move indicator to 17 on T.
Note on the D scale that tan 17 is about 0.3. Turn rule over and move slide
until x = 0.48 on Th is under hairline. Note on the C scale that tanh 0.48
is about 0.4, and hence tan 6 is roughly 0.3/0.4 = % = .75. Actually, it is
0.685, read on the D scale ar the C index. This is case (ii). Move the
indicator to the C index, bring the C and D indices together, and read
8 = 34.4 on the T scale under the hairline. The value of p = 0.578 was
found in Example (a) page 11. Hence p /8 = 0.578 /33.4°.

(b) Find @ for sinh (0.73 4 72.2°). Here tan 8 = tan 2.2/tanh 0.73.
With C and D scales coinciding, set hairline over 2.2° on ST. Observe that
tan 2.2° = 0.04, approximately. Turn rule over, and move slide so 0.73 on
Th is under hairline. Note tanh 0.73 = 0.6 + on the C scale. Hence tan @
= 0.04/0.6 roughly, or 0.0616, which can be read on the D scale at C
index. This is case (i). Move indicator to C-index, and bring indices to-
gether. Read @ = 3.53° on ST. The value of p was found in Example (c)
page 11. Hence p /8 = 0,797 /3.53°, _

(c) Find p /8 for sinh (0.55 + j 1.5°). Make C and D indices coincide,

. move hairline to 1,5° on ST. Note tan 1.5° is roughly 0.025 (on C or D).
Move slide so 0.55 on Th is under hairline. Note tanh (0.55) is 0.5 on C.
Hence tan 6 = 0.025/0.5, or tan @ is about 0.05 (on D at C index). This is
case (i). Move indicator to C index, bring indices together, and read
0 = 3° on ST under hairline. In this case, p is approximately equal to
sinh 0.55, or p = 0.58. Hence p /6 = 0.58 /3°.

(d) Find p /8 for sinh (0.19 + ; 4.2°). With C and D scales together, set
hairline on 4.2° of ST. Move slide so that 0.19 on Th is under hairline.
Observe that, roughly, tan 8 = 0.07/0.19 or about 0.4. This is case (ii).
Move indicator o C index, and bring indices of C and D to coincidence.

[14]

Read @ = 21.36° on T under hairline. Set hairline over 0.19 on Sh. Move
slide until 21.36° on § (read right to left) is under hairline. Move slide to
4.2° near right index of S. Read p = 0.201 on D under hairline. Hence
sinh (0.19 + 7 4.2°) = 0.201 /21.36°,

(e) Find p /@ for sinh (0.424 + 7 38°). With C and D indices together
set hairline over 38° on T. Norte tan 38° is about 0.8. Move slide until
0.424 on Th is under hairline. Note on C that tanh 0.424 is abour 0.4. Then
tan § = 1.95 (on D at C index). This is case (iii). Since 1.95 on CI is at
the right D index, move indicator to index and read # = 62.88° on T. To
find p, set the value of sinh 0.424 on D, move slide to bring cos 62.88°
under hairline, move indicator to cos 38° on 8. Read p = 0.756 on D.
Hence p /8 = 0.756 /62.88°,

Finding 0 when y >45° - :
When y > 45° the value of tan y is found on the CI scale. The formula
1(a) takes the form:

1
I(c) tan 6

= tanh x coty’
and this suggests the use of the DI scale for the multiplication.

Rule: To find 8 for sinh (x + jy) in the form p/6 when y > 45°:

first, with C and D indices together, set the indicator over x on the
Th scale.

Second, move the slide so the C index is under the hairline. Move
indicator to y on T, reading from right to left. Observe that the
value of tan 6 may be read on DI and the value of cot § on D.

{\ Third, bring C andYD indices together. If tan <10, read f on T.
If tan 8> 10, read ¢ on ST, and compute § = 90— .

In this case, the order of the first operations may be interchanged. That is,
the value of tan y may be set first on DI, and then multiplied by ranh x,
but the order given in the rule is more convenient,

EXAMPLES:

(a) Find @ for sinh (0.31 4 58°). With C and D scales together, set
indicator on 0.31 of Th. Move right C-index under hairline, then move
indicator to 58° on T. Note on DI that tan # = 5.31. Move slide until C
and D indices coincide, and read'8 = 79.37° on T. With C and D indices
together, set hairline on 0.31 of Sh, pull slide until 79.37 on S is under hair-
line, move indicator to 58° on §, read p = 0.905 on D. Hence,
sinh (0.31 + / 58°) = 0.905 /79.37°. :

(b) Find 8 for sinh (0.31 47 75°). With C and D scales together, set
hairline on 0.31 of Th. Move left C-index under hairline, then move
indicator to 75° on T. Note that tan # = 12.4 + on DI. This is case (iv).
Bring C and D scales together, and then read ¢ = 4.6° on ST. Hence
6 = 90° - +6° = 854°. To find p, with indices together set x = 0.31
on Sh, move slide until 4.6 on ST is under hairline, then move indicator to
75° on S (read right to left). .Read p = 1.014 on D. Hence,

p/0 = 1014 /854

(c) Find '@ for sinh (1.4 +780°). With C and D scales together, set
hairline on 1.4 of Th. Move right C-index under hairline, then move
indicator to 80° on T. Move slide to bring indices together,. and read
6 = 81.1 on T; or note 6.4 under hairline on DI, and instead of moving
slide, move indicator to 6.4 on CI, then read # on T. With indices together.

[15]




divide sinh 1.4 bx cos 81.1; multiply by cos 80; read p = 2.14. Hence
p/8 =214 /8L1,

ALTERNATIVE METHODS FOR SINH Z

The alternative methods of treating sinh z described below have certain
advantages and also certain disadvantages. If the methods outlined above
are used, the following will serve as checks.

(i) The formulas » = sinh x cos 3; v = cosh x sin y may be used to
compute # and #. Then sinh z = % + jv may be converted to exponential
form by ordinary vector methods. In this case, three major steps are

" required.

EXAMPLE:

For sinh (0.48 47 17°), ¥ = 0.477, v = 0.327; » + jv = 0.477 + ; 0.327.
Using the method described in Part 1, § = 34.4°, p = 0.578.
(ii) The formula I (a), tan @ = tan y/tanh x, suggests that  may be
obrained from the complex number
(12) r/6 = tanh x + j tan y, although in general r is not equal to
p (See Fig. 2). :
v A

% Fig. . S
=
g

= U

0 sinh x €Os ¥
tanh x
sinh x

Moreover, the relation

(13) p =+/sinh? x 4 sin?y
suggests that p may be obtained from the complex number

(14) p/6s = sinh x +  sin y, where tan §,= sin y/sinh x. It follows

co
from I (a) thattan 6 = tan 6,.

Ccos

Since, for all values of x 3 0 and of y % 0, (cosh x) > 1 and (cosy) < 1,

the ratio (tan 8/tan 6;) > 1 and consequently § > 6,. From Fig. 2,
sinh x cosy tanh x
(15) cos 8 = =
and therefore p = r cosh x cos y. These results lead to the following
methods. :
The value of p may be obtained from formula (14) by ordinary vector
methods (as explained in manual for Model No. 3) and then ¢ found
by use of (15).

[16]
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EXAMPLE:
Let sinh (0.48 + 7 17°) = p /0. Then
p /B, = sinh 0.48 4 7 sin 17°
= 0.4986 + 7 0.202
= 0.578 /30.4° (Note: 8, = 30.4 < 6). _
This calculation is most readily carried out if the slide rule is equipped with
two indicators. With C and D indices together, set one indicator on 0.48
'on Sh, the other on 17° of . Move C index to the larger reading on C, read
8, = 30.4° on T under the hairline. Then move slide until 30.4° on S is
under this hairline. Read p on D at C index. Using formula (15), since p is
known, find # = 34.4°,

(iii) The angle 8 may be found by ordinary vector methods from
formula (12), and then p found by I (b), or (15) as explained eadier.

EXAMPLE: :

For sinh (0.48 + 7 17°), /6 = tanh 0.48 4 j tan 17°. With indices to-
gether, set right indicator on 0.48 of Th, and left on 17° of T. Move C index
to larger reading, and read 6 = 34.4 under other hairline. Find p by regular
methods.

(iv) The value of p may be obtained from (13) and then 6 found by
use of (12) or (15).

In using any method, it is wise to give some attention to the approx-
imate values being set on the scales, and to the operations being performed
as suggested by the formulas. In the long run, it is probably best to adopt
one method and use it almost exclusively, rather than to invite confusion
and error by attempting a variety of methods.

CHANGING COSH Z FROM COMPONENT TO
EXPONENTIAL FORM

By formuia (8) above, the complex number or vector

v B cosh z = cosh x cos y + j sinh x sin y.
= F The geometric represen-
= tation is similar to’that
i for sinh z. The follow-
p = | Fig. 3 ing relations are basic
| to the computations:
I
g £
> u
0| u=coshxcosy_
v sinh xsiny
II (a) tm8=;=c-—~—°shxco”=tanhxtany
«sinh xsin y
®) £5 in

Note that I (b) for sinh z expresses p in terms of sinh x and the cosines of y
and 6, while II (b) for cosh z expresses p in terms of sinh x and the sines
of yand 6. Note also that tan § above could be written tan y/coth x, but
that this form is less convenient for computation. It should be noticed
that, since (tanh x) < L, it follows that 8 < y for the hyperbolic cosine.
[17] '




Finding p for Cosh (x + jy).
Assume 6 has been found. The rule for p is the same as given earlier

(page 10) for sinh z except the S scale is read from left to right for sines.
ExAmpLEs:

~ (a) Find p for cosh (0.31 +758°) if = 25.7°. With C and D indices
together, set hairline on x = 0.31 of Sh. Move slide until 25.7° on S is under
hairline, then move indicater to 58° on 8. Read p = 0.616 on D under
hairline.

(b) Find p for cosh (1.4 4+ 7 80°) if 8 = 78.7°. Setsinh 1.4 on D at 1.904.
Move slide so 78.7° on § is under hairline, then indicator to 80° on S.
Read p = 1.91 on D. Notice that y and 6 are so nearly equal that the ratio
of their sines is near 1, and hence p is approximately equal to sinh 1.4.

Finding 0 for Cosh (x + jy) when y < 45°.

Formula (Ila) shows that tan 6 can be found by a simple multiplication
using the Th and T or ST scales withithe D scale. The pules for determin-
ing on which scale (T or ST) the angle § may be found are the same as
those given earlier (page 11). However, since tanh x < 1and, fory < 45°,
tan y < 1, it follows that tan # < 1, and cases (iii) and (iv) cannort atise
for y < 45°.

Rule for 8 when y < 45°.

With C and D indices together, set indicator on x of Th. Move
slide until an index of C (right or left as needed) is under hairline.
Move indicator to y on T (or ST). Bring indices together, and read
6 on T or ST.

EXAMPLES:

(a) Find p and @ for cosh (0.23 4 7 16°). Here tan 6 = (tanh 0.23)X
(tan 16°). With C and D indices together, set indicator over 0.23 on Th.
Move slide so left C index is under hairline. Move indicator to 16° on T.
Since tan 8 = (0.2) (0.3) = 0.06, roughly, or, more accurately, 0.0648, this
is case (i), and 8 = 3.71° + is read on ST after the scales have been made
to coincide. Now set indicator on (.23 of Sh (about 0.23 on D), move slide
until 3.71° on ST is under hairline (about 0.064 on C), move indicator to 16
on § (about 0.276 on C). Read p = 0.99 on D. The decimal point is de-
termined by mentally calculating 0.23/0.06, which is about 4; then 4 X 0.276
is about 1. Hence the result cannot be either 0.099 or 9.9, and must be 0.99.
Thus, cosh = (0.23 +; 16°) = 0.99 /3.71°,

(b) Find p and 6 for cosh (0.68 + 7 40°). With C and D indices together,

set x = (.68 on Th. Note (roughly) 0.6 on D. Turn rule over and move
right C index under hairline. Move indicator to 40°eon T.- Note 0.8 + on C,
and the product (0.6) (0.8) = 0.496 on D. This is Case (ii). Bring indices
together and read 6§ = 26.4° on T. Set indicator over 0.68 on Sh. Move
slide until 26.4 on 'S is under hairline. (Note quotient sinh 0.68/sin_26.4°
is abour 1.65). Mulriply by sin 40°; reading 1.06 on D. Hence
p/0 =106 /264"
(¢) Find p and 8 for cosh (0.285 + ; 4.2°). With C and D indices to-
gether, set x = 0.285 on Th. Set right C index under hairline, then move
indicator to 4.2° on ST. Note .3 X .07 = .021, and hence this is case (i).
With scales coinciding, tead 8 = 1.165° on ST. Calculate p = 1.0486.
Hence p /0 = 1.046 /1.165°,

[ 18]
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(d) Find p /6 for cosh (0.2 + 7 1.3°). Note tan 0.2 is about 0.2: tan 1.3°
is about 0.02. Hence tan 6 is about 0.004, on scale D, This is case ).
When indices are together, read § = 0.257° on ST with decimal point moved
one place to the left. In this case, p = 1.02 approximately.

Finding 0 for Cosh (x + jy) when y > 45°,
When y > 45°, (tan y) > 1, and tan y is most easily read on the CI scale.

Rule for 0 when y > 45°, '

With C and D indices together, set indicator on x of Th. Move
slide until y on T (read from right to left) is under hairlirk, (Note
value of tan yon Cl,and tan fon D at C index.) Read f on the T scale
determined by the value of tan 6.

ExXAMPLES:

(2) Find p /8 for cosh (0.31 + 7 58°). With C and D indices together,
set hairline on x = 0.31 on Th. Note tanh x = 0.3. Move slide until 58°
on T is under hairline. Note tan 58 = 1.6 on C,andtan # = 048 on D at C
index. This is case (ii). Bring scales to coincidence and read § = 25.7°
on T. Since p = 0.616 for this problem was found in Example (a), page
16, p /0 = 0.616 /25.7°. Notice 8 < ¥ s a very rough check,

(b) Find p /8 for cosh (1.4 + 7 80°). Set tanh 1.4 on D. Norice the value
is about 0.9. To multiply by tan 80°, move slide so 80° on T is under
hairline. Notice tan 80° is near 6 on CI. Hence tan 8 = 5.02 on D at C
index. This is case (iii). Move indicator to 5.02 on CI (at the D index),
andread § = 78.7° on T. Note § < 3. Since p = 1.91 was found in Exam-
ple (b), page 16, p /6 = 1.091 /78.7°,

(c) Find p /8 for cosh (2 +; 87°). In this case, y> 84.3°. Hence
tan 87° = cot (90-87) = cot 3%, or 19.1 read on CI opposite 3° on ST. Thus
set tanh 2 on D, move slide to 3° on ST. Hence tan # = 18.4, and this is
case (iv). Read ¢ = 3.11° on ST at the D index, and thus 8 = 90—3.11
= 86.89°, which is. as it should be, less than y = 87° To find p, set sinh 2
= 3.63 onD. Since # and y are approximately, equal, it follows that p=3.63
approximately. Hence p /8 = 3.63 /86.9°,

ALTERNATIVE METHODS FOR COSH (x + /)

Other methods of computing p and 6 for cosh (x +7¥) = u + jv are
briefly outlined below:

(i) Compute numerical values of # = cosh x cos yand v = sinh x sin y.
Convert the compiex number « + j» to exponential form by ordinary
vector methods. .

-(ii) The formula (Ila) written in the form
(16) tan @ = tanh x.cot y = tan y/coth &
suggests that 6 may be obtained from either of the complex numbers
(17) ra /8 = coty + jtanh x, 0or n, /6 = coth x + jtan y. Although
in gehcral 7. %= n 2= p. Moreover, the relation
(18) p =+/sinh? x + cos? ¥,
which may be verified by computing p =4/#* + #? and using formula
(6), suggests that p may be found from the complex number
(19) p /6. = sinh x + j cos y.
The 6, in this formula satisfies the relation
10 y

cosh x

cot 6,, and p = r, cosh x sin y.

[19]

tan § =



By these and other possible formulas the problem may be reduced to one
which may be solved by ordinary vector methods as described earlier.

EXAMPLE:
Let cosh (0.31 +j58°) = p/f; then = cosh 0.31 cos 58° = 0.556;
v = sinh 0.31 sin 58 = 0.267. Hence » + j» = 0.616 4 j 25.7°, by merhods
described in Part 1. If r, /8 = cot 58 + j tanh 0.31, set cot 58° on D by
placing indicator over 58° on T. Move right C— index to hairline, then move
indicator to tanh 0.31 = 0.3 on D. Read 8 = 25.7° on T; here r, = 0.693.
If /0. = sinh 0.31 + j cos 58°, set right index of C on cos 58° = 0.53.
Set indicator over sinh 0.31 = 0.315 on D. Read 6, = 30.7° on T. Move
slide so 30.7° on § is under hairline, read p = 0.616 on D at C index.

CHANGING TANH Z FROM COMPONENT TO
EXPONENTIAL FORM

Although tanh (x + fy) can be expressed in the form # + j», the for-
mulas for # and v are not convenient for slide rule work. However,
tanh z = sinh z/cosh z is expressible as a quotient. If the complex
numbers sinh z and cosh z are expressed in the exponential form

sinh z = p1 /6, and cosh z = py /6, then
tanh 2 = (pi/p2) /0 — B

Rule for Tanbh z.

Express sinh z in the form p,/6,.

Express cosh z in the form p,/8,.

Then tanh z = (pi/ps) _/ B, — 8.

EXAMPLES:

(2) Find p /8 for tanh (0.31 + 7 58°). : -
From Example (a), page 13, sinh (0.31 + 7 58°) = 0.905 /79-3:;
From Example (a), page 17, cosh (0.31 + ; 58°) = 0.616 /25.7

905 o :
Hence tanh (0.31 + 7 58°) = 57 /79.37° — 25.7
= 1.47 /53.67°

(b) Find p /8 for tanh (1.4 + 7 80°). . o
From Example (c), page 13, sinh (1.4 + j 80°) = 2.14 /8L.1 3
From Example (b), page 17, cosh (1.4 + 7 80°) = 1.91 /78.7

-1 -] o
Hence tanh (1.4 + 7 80°) = o1 /81.1° — 787
=112 24

ILLUSTRATIVE APPLIED PROBLEMS
1. Determine the “insertion loss” caused by inserting a line between a

generator and a load using the formula

I Z,Z +7% .
E— cosh v/ + (—z—~—"—-—g ¥Z) Zs sinh ¥/,

when Z, = 215 ohms, Z, = 420 ohms, / = 150 miles, Zo = 720/ —1_5°,
a = 0.00720 neper/mile, 8 = 0.0280 radian/mile, and v/ = / (@ + 78).
First find . : ;
~I = 150 (0.00720 + 7 0.0280) = 1.08 + j4.20 = 1.08 + 7 240.5
& [20]

Since cosh v/ is to be added to another complex expression, express it in
component form.

cosh (1.08 + 7 240.5°) = cosh 1.08 cos 240.5° + ; sinh 1.08 sin 240.5°
— cosh 1.08 cos 60.5° — j sinh 1.08 sin 60.5°

With indices together, set indicator on 1.08 of Sh. Move slide until 1.08

-on Th is under hairline, Exchange indices, and move hairline over 60.5°

on S (reading right to left). Find 0.809 on D. Then set sinh 1.08 = 1.30 +
on the Dscale and multiply by sin 60.5° using the S scale. Read 1.13 on D.
Hence cosh (1.08 + 7 240.5°) = —0.809 — ;1.13.

As an illustration of another method of finding cosh (1.08 + 7240.5°%),
take y = 240.5° — 180° = 60.5°, set indices together and indicator over
1.08 on Th. Move slide unti} 60.5° on T is under hairline, observe that
tan § = 1.4, and read 54.5° on T at right index of D. With indices to-
gether again set hairline on 1.08 of Sh, move slide until 54.5° on S is under
hairline, then move hairline to 60.5° on S. Read p = 1393 on D under
hairline, Hence

cosh (1.08 + 7 240.5°) = 1.393 /180° + 54.5° = 1,303 /234.5°
=0.809 - ;1.13 +.

Next compute the coefficient of sinh /.
ZZ + Zo* 215 X 420 + (720 /—15°)®

Z,(Z,+2Z) (@15+420)720/-15°"
_ 90,300 + 518,000 /—30°
457,000 / —15°
_ 90,300 + 449,000 — 7 259,000
2 457,000 / — 15°

_ 539,000 — 7 259,000
~ 457,000 / = 15°

_ 598,000 /—25.65°
457,000 / — 15°

= 1.308 / — 10.65°

The coeficient just computed is to be multiplied by sinh v/, and hence
it is best to express the latter in polar form. Except for algebraic signs,
sinh (1.08 +;240.5°) = sinh (1.08 + j 60.5°). With indices coinciding,
set hairline on 1.08 of Th. Move right C-index to hairline, turn the rule
over, and move the indicator to 60.5° on T. Set hairline over 1.08 of Sh.
Move slide until 65.8° on S (reading right to left) is under hairline, then
move indicator t0 60.5° on S. Read p = 1.565 on D. Since the original
angle of 240.5° was in the third quadrant, the angle found must be cor-
rected by adding 180°. Then sinh (1.08 + 7 240.5°) = 1.565 /245.8°

Multiplying the two factors gives : '

1.308 / — 10.65° X 1.565 /245.8° = 2,05 /235.2°
In order to add this to the first term in the formula, the polar form should

be replaced by the component form. :
[21]




Compute 235.2° — 180° = 55.2°, and then 2.05 cos 55.2 = 1.17 and
2.05 sin 55.2° = 1.68. Both results must be given a negative sign since
235.2° is in the third quadrant. Thus

L/l = —0809 —71.13 + ( — 1.17 — ; 1.68)
- 1.979 — 7281

This may be converted to polar form, noting that the angle is in the third
quadrant. Thus

I/, = 343 /180° + 548
= 3.43 /234.8°

approximately, and the absolute value is 3.43. Finally, compute log, 3.43
by setting 3.43 on scale 1/N; and reading on DF the value 1.233, the
“insertion loss"" in nepers.

Although not a part of this problem, tanh (1.08 + 7 240.5°) is easily
obtainable from the above results and will be found to illustrate the
method. Thus :

sinh (1.08 4+ 2405°)  1.565 /245.8°
cosh (1.08 +;240.5°)  1.393 /234.5°

= 1122 /11.3°

It will prove to be interesting, and good practice in computation with
the hyperbolic scales, to carry through the calculations for / = 100 miles ¢
and / = 200 miles, and to compare the results with those for / = 150 miles
given above. Below are some results typical of those obtainable quickly
without careful attention to accuracy.

If / = 100 mi., then v/ = 0.72 + ;2.8 = 0.72 + ; 160°

cosh (0.72 + 7 160°) = — 1.193 + 7 0.268, and

sinh (0.72 + 7 160°) = 0.855 /180° — 30.5° = (0.855 /149.5°
The coefficient 1.308 / — 10.65° is unchanged, and

1.308 / — 10.6° X 0.855 /149.5° = 1.118 /138.9°,
and this is equal to — 0.843 + 70.734. Hence

I/Ty = 1.193 +70.268 + ( — 0.843 +70.734)

= — 2,036 +71.002 = 2.27 /180° — 26.2°

Then log, 2.27 = 0.818 nepers loss.

If / = 200 miles, v/ = 1.44 +7320° = 144 — 40%

cosh (1.44 — j40°) = 1.71 — 7 1.28;

* sinh (144 —740°) = 2.09 / — 43.2°,

Then 1.308 / — 10.6° X 2.09/ — 43.2° = 2.735/ — 53.8° = 1.61 — ;2.21.
Hence /I, = 3.32 — j3.49 = 4.82/ —46.4° and log, 4.82 = 1.57 nepers
loss.

iy VB

cosh S$v/zy’
circuit line in which the sending end voltage ¥, = 4 volts, the length of
the line § = 50 miles, and v/zy = a + j8, where o = 0.0048 neper/mile
and 8 = 0.0276 radtan/mile. Thus

2. Determine the voltage V,, = at the end of an opén

= 1/0°
cosh (0.24 + 7 1.38)
[ 22 ]

Vm =

First change 1.38 radians to degrees. Thus set 7 on CF opposite 180 on
DF, move hairline to 1.38 on CF, and read 79° on DF under the hairline.
To find cosh (0.24 + 7 79°), first set indices together, and then set hairline
over 0.24 on Th. Move slide until 79° on T is under hairline, Note
tan § = 1.21 +, read § = 50.5° on T at right index.

With C and D indices together, set hairline on 0.24 of Sh. Move slide
until 50.5° on S is under hairline, then set hairline on 79° of S. Read
p = 0308 on D. Then

V,, = {}_?ﬁ%sfi—f;w = 13 / — 50.5° volts, approximately.

PART 4. INVERSE HYPERBOLIC FUNCTIONS OF
COMPLEX ARGUMENTS

If pand 6 are known, and z = x 4 jy is to be determined so that sinh z
= p’ 0, an inverse problem is involved. Similar problems arise involving
cosh z and tanh z.

Finding z for sinh z= p/8.
To find z = x + jy when sinh z = p /6, or z = arcsinh p /8, first

write sinh z = p cos 6 + jp sin # = » + jv where u = p cos # and
v = psin § are known numbers. Since

sinh (x + jy) = sinh x cos y + j cosh x sin ¥ equating the real and the
imaginary components in the two expressions for sink :, one has the
equations
(20) sinh x cos y = u
cosh x sin y = ¢,
from which x and y are to be found. Now by use of equation (6),
#* = (1 + sinh® x) sin? y, and from (20),sinh? x = #2/cos? .
On eliminating x and replacing cos? y by 1 - sin? y, the equation

siny — (# + 02 + 1) sin2y 4 p2 =

is obtained. This is a quadratic in sin? y, and hence

sin? y = {(uz + 024 1) 2@+ 2+ 1)2 —42?} /2,

in which the positive sign must be discarded. Thenv/2 sin y = \/P -7
where p =4 4+ v2 + 1 and ¢ = p* — 442 In algebra it is shown that
an irrational expression of this form can be written in the simpler form

VU + \/"V_l provided p? — g is a perfect square. Since in this case
P* — g = 4%, the condition is fulfilled. Thus U; and V; are to be found

such that S i
Vo EVi=VU £VV,
Squaring, and equating first the rational and then irrational parts, on
solving the two equations thus obtained one has
U = {#+ (v + 1)} /2;
Vi= (a4 (v = 12} /2.
[23]



Hence it follows that

v,

U,
111 (a) siny = 5 where

U=vV@+ @+ 1) adV,=vVa+ [ - 1)},
from which y can be found in terms of # and v. The negative sign is
chosen because otherwise the value of sin y would exceed 1. From
equations (20)
III (b) sinh x = #/cos y,

from which x may be found.

It is convenient to regard U, as the resultant of a vecror whose compo-
_ nents are # and v + 1; and similatly, to regard ¥, as the resultant of a
vector whose components are # and v — 1.

Then for convenience writing

U/ba=u+jlo+1D)and V,/B=u+j(—1),
one may compute U, and ¥; by the methods of Part I.

The example which follows is the inverse of one solved earlier in Part 111
in order that the meaning of the process may be clarified.

ExaMPLE.

Find z = x + jy so that sinh z = 0,201 /21.36°
First find # = 0.201 cos 21.36 = 0.187, and
v = 0.201 sin 21.36 = 0.0734,
Then U, /0 = 0.187 + 7 1.074 = 1.09 /81°+ or U, = 1.09;
V./0s = 0187 + 70.9266 = 0.945 /78.6° - or I/, = 0.945

1.09 — 0.94
Therefore sin y = w = 0725, and hence y = 4.15° which is

found by setting .0725 on D and reading y on ST. To find x, find sinhx

= 0.187/cos 4.15° = 0.187/0.997 = 0.188 or approximately 0.19. Hence
x = 0.19and y = 4.2 are the approximare values of xand y .  Compare
with Example (d), page 12.

Finding z for cosh z = p/6.

To find z = x + jy = arccosh p /0, where p and @ are known, first'

find # = p cos #and v = psin 8. Since
5 cosh z = cosh x cos y + j sinh x sin y,
the equations
cosh xcos y = »
sinh xsiny = v
are to be solved for x and y. In this csse it tumns out to be more conven-
ient to solve for cos y by the method described for sin y above. The
results are as follows:

c_vc
IV (a) cosy = H 5 where
U=/ + 1)+ 2and V, =/« — 1)* + 12
(b) sinh x = »/sin y

Thus cosh z may be treated by methods essentially similar to those for
sinh z outlined above. [ 24]

EXAMPLE:

If cosh z = 1.06 /26.4°, find z = x + jy.
First compute # = 1.06 cos 26.4° = 0.949 and
v = 1.06 sin 26.4° = 0.472. Then

U. =4/ 1.9492 + 0.472? or 2.01
V. =4/0.051% + 0.4722 or 0.475

Using formula'IV (a)

cosy = e ;0'475 = 0.767 and hence y = 40°.
Using formula IV (b)

sinh x = 0.472/sin 40° = 0.735.
With the indicator on this value on C, tum the rule over, bring indices
together, and read x = 0.68 on Sh. Hence z = 0.68 + 7 40°. Compare
with Example (b), page 16.

Il

Finding z for tanh z = p/8.

If p and 6 are known and z = x + jy = arc tanh p /0 is o be found,
first find # = p cos 6 and v = p sin . Then tanh (x+7) =u+jv
It can readily be shown by use of the relation

tanh z; + tanh z

@ (o + ) = s p ey

that tanh (x — jy) = # — jv, and hence
22 x + fy = arctanh (u + jv)
i x — jy = arctanh (» — jv).
Adding,

2x = arctanh (2 + jv) + arctanh (z — jv);
and by using equation (21)

o oMtk e=jy
ta.nh&:r—l TGr -
2 2u
V (a) tanh 2x = o

l+sz+vg=l+p’
Subtracting the equations (22), '
2 jy = arctanh (¥ + jv) — arctanh (# + jv), and hence
taably gy = ¢ ”_T,f = ﬁﬁ“@ iﬂi‘y) =1 (i{u 7
Finally, tanh 2jy = j tan 2y, and consequently
5
L

V(b) tan 2y =

Therefore x and y may be.found from formulas V(a) and V(b), respectively,
Expressed explicitly, they are 5
x = 14 arctanh 2u4/(1 + p?); y = 14 arctan 20/(1 — p?).

The values of z for coth z = p/0, sech z = p /8, and csch z = p /8
may be found, if desired, by using the reciprocal relationships; that is,
by finding z for tanh z = (1/p)/ — 8, cosh z= (1/p)/ — 6, and
sinh z = (1/p) / — 8.

{25 ]



ILLUSTRATIVE APPLIED PROBLEM

Suppose the propagation constant ¥ = a + 78 of a line is to be found

by the formula o
tanh y/ = \fg—::,

where Z., = 3.520 / — 76.3° ohms, and Z., = 1430 /72.7° ohms, and
! = 30 miles. Then
s - [EDO T3
tanh 30y = /3395 72.

=158/ 795 =, /8

To calculate this,-ser 143 of C opposite 352 on D and read 1.568 on the
upper 4/ scale at the Cindex. Then calculate (=763 —72.7)/2 = -79.5.
Move the lefc C index to 1.568 on D, move indicator to 79.5 on § (read
right to left), and find « = 0.2855. Move right C. index to 1.568 on D,
indicator to 79.5° on S, and read 1.54, on D. Thus, since 8 is in the fourth
quadrant,7 = -1.54 and tanh 30y = 0.2855 —j 1.54 = » + jv

2(0.2855) 0575 0575 =
Now by (Va), tanh 2x = {31508 11246 346 = 0.166

Set haitline on 0.166 on C, read 2x = 0.1675 on Th, from which x = 0.0838.
From formula (Vb)

2(-154) —308
it i R T T g v g
Set 2.11 on CI and read 64.2° on T (read right to left). Thus 2y = 64.2°,
or 61.2 + 180° = 244.2°; then y = 32.1%r 122.1°. Suppose that other
known conditions about the line suffice to determine thar y = 122.1° is
the proper value. Then 30y = 0.0838 + 7 122.1°% or, since 122.1° = 2.135
radians, 30y = 0.0838 + ; 2.135, whence ¥ = 0.00279 + ;7 0.0712. To
change this to polar form, set right C index on 712 of D, move hairline
to 279 of D, and note that 0.0712 .00279"= 25 approximately. Hence
read ¢ = 2.25° on ST, and find 6 = 90 — ¢ = 87.75°. The value of
this p is nearly 0.0712, or aboutr 0.0713. Hence

-

¥ = 0.0713 /87.75°,

PART 5. CIRCULAR FUNCTIONS OF
COMPLEX ARGUMENTS

By means of the formulas on page 9 the following relations may be
ptoved:
sin (x + 7y) = sin x cosh y + j cos x sinh y,
cos (x + jy) = cos x cosh y — j sin x sinh y.
The analogies between these results and those for sin (x + ) and
cos (x + y) in trigonometry should be carefully noted. Observe also that
here the x is associated with a circular function and the y is associated with

a byperbolic function.,
)'per okt [ 26 }

These formulas express the sine and cosine of a complex argument as a
complex number in terms of its components.

If sin (x + 7y) is to be expressed as a complex number in polar form,
reasoning similar to that in Part 3 leads to the analogous results:

VI (2) e oL
tan x
e A sin x cosh y
®) " cos @

Moreover, p =4/sin % + sinh %y, and this formula may be used as a
check or as the basis of an alternative method of computing p from the
expression p /0, = sin x + 7 sinh y.

Similarly, if cos (x+ jy) is to be expressed as a complex number in
polar form, first find p and § for the conjugate variable x — 7y in
cos (x — 7y) by the following formulas:

VII (a) tan 6 = tan x tanh y,
b 5 sin x sinh y
®) £ sin 0

Then cos (x + 7y) = p /-8,

Finally, tan (x + jy) may be readily found by finding the sine and
cosine in polar form and raking the quotient.

The close analogy between these formulas for circular functions and the
corresponding ones for hypsrbolic functions, enables the computer to use
similar methods of calculation. In the case of Ayperbolic functions, the
x of x + jy is associated with a hyperbolic function. Symbolically, x is
preceded by an h, as in sinh x. In the case of the ciraular functions, the
y of x + jy is associated with a hyperbolic function, or symbolically, is
preceded by an h, as in sinh y. An adjustment of algebraic sign is called
for in the case of the cosine.

EXAMPLES:

() Find sin (30° + 7 0.48). With C and D indices together, set indicator
on 0.48 of Th. Move slide until 30° on T is under hairline. Note tanh
0.‘?8/tan 30 = 0.774, approximately. Move indicator to C-index, and then
bring indices together, reading # = 37.7° on T. Or, move indicator to
0.774 on C and read f on T.

Set indicator on 0.48 of Sh; move slide until 0.48 on Th is under hairline;
move indicator to sin 30° on §; move slide until § = 37.7° on § (reading right
to left) is under indicator. Read p = 0.707 on D at right C-index. Then
sin (30° + 70.48) = 0.707 /37.7°.

(b) Find cos (30° + 7 0.48). With C and D indices together, set indicator
on 0.48 of Th; move right index of slide under hairline, then move hairline
to 30° on T. Bring indices together, and read 6 = 14.45° on T.

Set ipc‘liicator on Oﬁ of Sh; move slide until 14.45° on § is under hairline;
move indicator to on S; read p = ; i
o p=1o0n D. Then cos (30° + 7 0.48)

(c) Find tan (30° + 7 0.48). From examples (a) and (b) above:
sin (30° 4 7 0.48) _ 0907 /31.7°
cos (30° + 7 0.48)  1/—1445°

[ 27 ]

tan (30° + ;7 0.48) = = 0.707 /52.15°
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J FCJFZ. SCouSsLe \ SCALE (MO.-DE?_, 4—
If z = x + jy is to be found so that sin z = « + jv or cos z = » + jv,
methods similar to those outlined in Part 4 yield the following formulas

from which x and y may be found. % ~t_ : _C \'_L\ |
ke o o e 2 no.(x
VIII (a) sinx-U‘;v‘,whm - ( - C_ ‘g) £ a
L R e R, Dae™ O 1hdey o+ e
IX(a)cosx-IJ'%“,wth,mdV,ucdeﬁnedasabove. ‘ . QI lc\e : Se.."' "Imc\‘\t_.ck"LO‘v" over
(b) sinh y = v/sin x "- '
E 0L {
X (a) tm2x=% -i— b U&\Ue = j O\~ b CL\AA
(b) canh 29 = T | retd B aw U scale T4
EXAMPLES: , ; e Lo
i x .
S L G L 3l s doond o
sin x = {1/1.558" + 0.431? — 1/0.442* + 0.431%} /2 : “H/\e U PPQT— 1 SCCL\Q ey _p

= (1.617 — 0.617)/2 = 0.500 E
Then x = 30°% and sinh y = 0.431/cos 30°, y = 0.48 | :
Thus x + jy = 30° + 70.48 | . [

(b) Find z = x + jyif cos (x + ) = 1 /—14.45° ; 57X » Q >4S° _E!J; OuU 1 C\

Here & = 0.967; v = — 0.2495 -
cos x = {V/(1.967) + ( — 0.2495)! —1/0.033 + ( — 0.2495)%} /2
= (1.984 — 0.251) /2 = 0.866 = cos 30° !

sinh y = —LZ32199) _ 0,409

Findx 1 7 (5 49) = 0707 2% (if) Moy e $ha alide ksl

() Find x + jy if tan (x + 7y) = 0.707 /52.15°
First find » = 0.707 cos 52.15° = 0.433, and

O W louu@.f“r scale

v = 0.707 sin 52.15° = 0.557. o ; . ._ A
Then tan (x + 7y) = 0.433 4 7 0.557, and p* = 0.5 Q 6N \{_A e 3 S &\ e 1S O e
tan 2x -‘21{#315) = 1.732 : 5 : Tl
Hence 2x = 60° and x = 30°. Continuing, : +l/\»e_ \/\Q'\Y"‘ \‘V\"e. * —LY\‘*Q\'—"“'

2 (0.557) i . : : :
tanh 2y = T = 0743, which yields 27 = 0.96 on Th, l Q\/\&V\Cl'e w& T C\ {ce T 'm ';
and hence y = 0.48. Finally, x + jy = 30° + 7048 or % —~
0.524 + 7 0.48, if 30° is changed to radians. C ) S. nece %% oo \{ : l’ie o A

P ow PDunder C nnclex}
[29]
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THERE’S A PICKETT RULE
TO FIT YOUR NEEDS

THE MOST POWERFUL RULES AVAILABLE

MODEL 2 LOG LOG.

For Civil, Chemical and Mechanical Engineers. Back-to-Back scales.
MODEL 3 LOG LOG

With extended sccles for those who prefer traditional, separate
scales.

MODEL 4 LOG LOG VECTOR HYPERBOI.IC ;
Preferred by Electrical and C Engi s. Back-te-
Back Scales.

MODEL 6 STATISTICAL AND QUALITY CONTROL

A specialized rule for production engineers, It has no competitive
rule.

IMPROVED SCALE ARRANGEMENT RULES
MODEL 800LOG LOG x :
Back-to-Back scales, C-D on two sides. Cl, DI and true 5T scales,
most powerful, easy-to-see and use arrangement of traditional
scales’ available.

POCKET RULES

MODEL 200 TRIG

Duplex-type, with double cursor and trigonometric scales on back.
MODEL 300 LOG LOG '

15 scales. C-D on both sides. Folded scale fo pi.

MODEL 400 BUSINESS RULE

A practical rule for executives who check costs, percentages, mark- -

up, efc.

MODEL 600 LOG LOG .

Most powerful log log pocket rule made. 22 scales. C-D both sides.
Same scales as on 10-inch Modal 800.

MODERNIZED TRADITIONAL RULES

MODEL 500 LOG LOG

The traditional leg log scale ar t pop in ineering
schools for many years.

MODEL 901 SIMPLEX

Preferred by many secondary schools who want o simple, but
accurate rule.

MODEL 902 SIMPLEX TRIG

Used by schools and universities whe require a simple rule but
with K, §, T ond L scales.

MODEL 1000 TRIG
A standard scale arr
calculations.

for algebraic and trigonometric

PICKETT & ECKEL, INC.
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