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FOREWORD

The DECI-LON Slide Ru'e marks the latest achievement in slide rules by
K&E, the company that introduced slide rules into the United States and
has pioneered in their development ever since.

DECI-LON was developed to provide students and professionals with
all the familiar seales of the slide rule for basic ealeulations, plus new seales
and arrangements for more advanced mathematical analysis.

The name DECI-LON combines the prefix “deci-", signifying the decimal
division of trigonometric seales first introdueced by K&I in 1929, with the
suffix ““lon”, the pronunciation of the “Lin” symbol for logarithms to the
base e.

The professional engineer or scientist will find the DECI-LON an ex-
tremely versatile caleulating instrument, Its expanded Lon seales will
enable him to solve problems in the field of financial and investment
mathematics, as well as in rates of chemieal reactions, decay of radioactive
isotopes, temperature changes in jot engine compressors and turbines, and
the orbits of space vehicles.

Students who gain familiarity with the DECI-LON while studying
mathematics, physies, chemistry or engineering will he better prepared to
use its advanced eapabilities as they move on into post-graduate studies or
professional careers,

The outstanding features of the nesw rule are its expanded computing
capacity, its greater consistency and logie, its convenience and speed, and
its lifetime construction.

1. Expanded computing capacity

A slight widening of one rail of the DECI-LON’s body makes it possible
to locate four Lon seales side-by-side on the front face of the rule, with four
Lon minus (negative exponential) scales together on the reverse face,
With these powerful scales appearing in unbroken sequence and referring
consistently to the ¢ and D seales which nOwW appear on both faces of the
rule, roots and powers of numbers from 1.001 to 30,000, and of deeimal

fractions from 0.00003 to 0.999, can be found speedily and directly without
reversing the rule.

. addition of Lnf and Ln-0 scales brings. the low_er limit of the Lon
L ”1 yper limit of the Lon minus seales ten times eloser to unity
s ﬂmt-t 1? 1:11' ilicic rules. The relationship of these new seales to the D
e plbe'\;:]}l] :ztfes of the rule creates, in effect, an infinite series !?f Lon
Scﬁieg (::{lmal{:le hof bridging the gap between secale limits and unity to
::ﬁaiivn;r decree of closeness may be required.

The two new Lon scales will be found exceptionally useful lin probl;:lc;i
f .Ornetric. progression involving small rates of change and- ong pez :
i g? Siteh problems inelude the eompounding of interest on a dally
Ef's‘;;nlf{1e determination of half-lives of isotopes with slow ra.t.?.s of deeay,
aid' ;abe estimate of the orbits of satellites :acte:l upon by minute forces
such as solar radiation or ion-aceelerator engmes. ‘

Two new scales, Sql and S¢2, constitute a drm.ble—length s.mfle u“;(,ii :':;EL::
the full-length D scale for fast, accurf}tﬂ evalugtion of SC[ljal(‘?n‘: anf( E::l:irdc
roots. Because these new scales ad?om‘ the DF seale, the area o
can be found instantly when its radius is known.

At the same time, the A and B scales 31'.(% re..tained as ..s;c.al‘es 0!' callctrlil:-
tion, for continuous operations of multiplication and division involving
squares or square roots. .

Fourth powers and fourth roots, which octiur in t}:er;rfallrat.ila:;c;:
problems, can be read directly by using the new Sg/ and Sg¢2 scales in
junetion with the A and B scales.

2. Greater consistency and logic

Slide rule operations are easy to learn and easier still to remember if the
rule funetions logically—mnof only in the selection; loeation and arrange-
J;nen-t of the scules_, but also in such important details as their eolor, number-

ing and direction of reading,

On the DECI-LON, new scales as well as tmd.itianal scalcs‘ rr;ftlvn‘.canz
the K&E-pioneered principles of full logic and t:01lsist01le?,'. All sea ‘&.': Ih atatl
directly to the € and D seales. New scales have been given ua@eh W 1;: 1
clc.»;cril;;e their funetions—~Sg for seales that give squares, Ln and L?a? 0“1'
scales which give lons (logarithms to the bawr' e), S for sm_es a.n.dv cn-ﬂn.e?,
T' for tangent and cotangents, and SRT for the scale which giv ?s ::lI];E':‘s,
radiang, and tangents. The traditional seales 4, B, €, D, L, and K remain

unchanged.




On DECI-LON, the use of color has been extended to a more eonsistent
level. The two eolors, black and red, have these preveiling connotations:

BLACK: Lon scales; positive readings; standard left-to-right reading
direction; front face of the rule.

RED: Lon minus scales; negative readings; reverse right-to-left
reading direction; reverse face of the rule,

This color consistency is evident in the positioning of the black Lon
scales on the front face and the red Lon minus seales on the back face; and
in the trigonometric scales, where black is forward reading and slanted to
the right, red is reverse reading and slanted to the left.

3. Convenience and speed

A number of features have been incorporated in the DECI-LON to
enable the user to perform caleulations more rapidly and easily, Among
them are: providing € and D seales on both faces; extending the calibra-
tions of the Lon, Square, folded and trigonometric scales beyond the
indexes for easier reading of values near the ends; color coding of the
legends of seales; and the use of red hairlines which contrast vividly with
the black graduation lines of the scales.

4. Lifetime construction

The DECI-LON slide rule is made of a special shatter-proof synthetic
material exclusive with K&E. Humidity variations have mo effect on its
operation. The DECI-LON will not warp or stick. Precision molding and
new four-bolt end plates insure aceuracy, rigidity and permanence of align-
ment. Thus DECI-LON, ineluding itsunbreakable indicator, is ecapable
of a lifetime of service and is guaranteed to give it.

This manual is designed to enable any interested person to learn to use
the slide rule efficiently. The beginner should keep his slide rule before
him while reading the manual, should make all settings deseribed in the
illustrative examples, and should compute answers for a large number of
the exercises. The principles involved are easily understood, but practice
is required to build proficiency in using the slide rule easily and aceurately.

Thosewho are already familiar with K&E'’s Log Log Duplex DECITRIGE
slide rule can quickly familiarize themselves with the new features of the
DECI-LON by reading only §§25, 26, 27, and 33, covering the SgZ and Sy2
seales, and Chapter VI, on the Lon secales,

vi
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A unique feature of this manual is the “visual summary” at the end o

sach chapter. The manual also contains special articles o 5°1u_ti'3nﬂ_ o
ations frequently encountered in electrical and eleatx:omc engineering
?g;?,) spherical triangles (§§56-58), and financial caleulations (§71).

Among teachers and students of the s].idle.rule, tlhere hgs a?wai?igziiﬁfli
some difference of opinion on the d.[:sirabll.lty of incorporating s
“theory’’ into the instruetions for using a slide rule.

TFor those who wish the operating rules with'ou.t the thleory, Chﬁ([i)teili
through VI of this manual give straightforward mstmctlonsﬁ on j i ed =~

tings. For those who feel that rules can be bet-ter. underntoo .an‘l s
B'BF dgs if accompanied by an explanation of the umlerlyllng prineiples,
E}g;z:ter VII explains how and why a slide rule w?rks. This cEaptiEc?iz
heen written especially for the slide rule user \Tho is not a mat em;. iy
gi;..el.lgineer. It starts with an elementary review .of expo;e:;fs an alesg
iithﬁia, and proceeds logieally through the explanation of the Lon scales.
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primary marks which are numbered 1, 2, 3, . . ., 9, 1. The space

-‘ - . . - . itk - 5
between any two primary marks is divided into ten parts by nine
secondary marks. These are not numbered on the actual seale except

U seale on the slide rule will show that it is divided into nine parts by

one having a rule of different length will be able to understand his rulein the light

‘ *The description here given has reference to the 10" slide rule. However any-
|‘ of the explanation given.




2 I. MULTIPLICATION AND DIVISION §2

between the primary marks numbered 1 and 2. Fig. 2 shows the
secondary marks lying between the primary marks of the D scale.
Each italicized number drawn on the seale in this illustration (they

I L L L LU DL BB R B F R AT LRI
Dlli“sllllz[wmazieamérﬂ «'1“.‘)&‘3:& 7TRB¥9YR

Fic. 2,

do not appear on the actual scale) gives the reading to be associated
with its corresponding secondary mark. Thus, the first secondary
mark after 2 is numbered 21, the second 22, the third 23, ete.: the
first secondary mark after 3 is numbered 31, the second 32, ete.
Between the primary marks numbered 1 and 2, the seeondary marks
are numbered 1, 2, . . ., 9. Evidently the readings associated with
these marks are 11, 12, 13, . . ., 19. Finally between the secondary
marks, see Fig. 3, appear smaller or tertiary marks which aid in

Seole O

Fic. 8.

obtaining the third digit of a reading. Thus between the secondary
marks numbered 22 and 23 there are four tertiary marks. If we think of
the end marks as representing 220 and 230, the four tertiary marks
divide the interval into five parts each representing 2 units. Hence
with these marks we associate the numbers 222, 224, 226, and 228;
similarly the tertiary marks between the secondary marks numbered
32 and 33 are read 322, 324, 326, and 328, and the tertiary marks
between the primary marks numbered 3 and the first suceeeding
secondary mark are read 302, 304, 306, and 308. Between any pair
of secondary marks to the right of the primary mark numbered 4,
there is only one tertiary mark. Hence, each smallest space repre-
sents five units. Thus the tertiary mark between the secondary
marks representing 41 and 42 is read 415, that between the secondary
marks representing 55 and 56 is read 555, and the first tertiary
mark to the right of the primary mark numbered 4 is read 405.

The reading of any position between a pair of successive tertiary
marks must be based on an estimate. Thus a position half way
between the tertiary marks associated with 222 and 224 is read 223,
and a position two fifths of the way from the tertiary mark representing

MULTIPLICATION AND DIVISION 3

§2

415 to the next mark is read 417. The prineiple illustrated by these
readings applies in all cases.

Consider the process of finding on t-]lG.D seale the position rep-
resenting 246. The first figure on the left, namely .2, t.el]:‘s us Ltih?
t.he. position lies between the primary n}urks. numbered 2) a‘.n 1
Phis region is indicated by the brace in Fig. (a) Tht, ‘oec‘(}m
figure from the left, namely 4, tells us that the position lies between

A

r

i ; : 1

FiG. a.

the secondary marks associated with 24 and 2.5' This region 1s
indicated by the brace in Fig. (b). Now there are four marks between

S O i A 0 T A0 0 W
Di lij |la  ls s ls 7 18 bl L1 1 i
F1a. b.

‘the secondary marks associated with 24 and 25. Wi.t-h these a.rtz_
associated the numbers 242, 244, 246, and 248 respectively. Thus

246
+ il it
Hmﬂmﬁmﬂh@ -,H#EH{Hﬂ{é}ﬂ|{4ﬁ+ﬁ}|{ﬁ§ﬂuﬂl‘gl1|=w%1 AR A

Fi16G. ¢,

the position representing 246 is indicated by the arrow in Fig. (¢).
Fig. (abe) gives a condensed summary of the process.

=, 2

246 LIES BETWEEN 240 AND 250

Fia. abe.
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It is impertant to note that the decimal
point has no bearing upon the position asso-
ciated with a number on the € and D seales.
Consequently, the arrow in Fig. (abe) may
represent 246, 2.46, 0.000246, 24,600, or any
other number whose principal digits are
2, 4, 6. The placing of the decimal point
will be explained later in this chapter.

For a position between the primary marks
numbered 1 and 2, four digits should be
read; the first three will be exact and the
last one estimated. No attempt should be
made to read more than three digits for
positions to the right of the primary mark
numbered 4.

While making a reading, the operator should
have definitely in mind the number associated
with the smallest space under consideration.
Thus between primary numbers 1 and 2,
the smallest division is associated with 10
in the fourth place; between 2 and 4, the
smallest division has a value of 2 in the third
place; while to the right of 4, the smallest
division has a value of 5 in the third place.

The operator should read from Fig 4 the
numbers associated with the marks lettered
A, B, C,...and compare his readings with
the following numbers: 4 365, B 327, C 263,
:? 1;50, E 1347, F 305,G 207, H 1075, I 435,

427,

3. Accuracy of the slide rule. From the dis-
cussion of §2 it appears that we read four
digits of a result on one part of the seale
and three figures on the remaining part.
Assuming that the error of a reading is
one tenth of the smallest interval i'olim\_'iug
the left-hand index of D, we conclude that
the error is roughly 1 in 1000 or one
tenth of one per eent. The effect of the

&4 |. MULTIPLICATION AND DIVISION 5

assumed error in judging a distance is inversely proportional to the

Jength of the rule. Hence we associate with a 10-inch slide rule an
error of one tenth of one per eent, with a 20-inch slide rule an error of
Jone twenticth of one per cent or 1 part in 2000, and with the Thacher
Cylindrical slide rule an error of a hundredth of one per cent or one

part in 10,000. The aceuracy obtainable with the 10-inch slide rule
s5 sufficient for many practical purposes; in any case the slide rule
geryes as a check.

4. Definitions. The middle sliding part of the slide rule (see Fig. 5)
is called the slide, the other part the body.

LEFT INDEX BODY HAIR LINE RIGHT INDEX

. VAN
.‘“0 / / > \ \ & ©

|}

7 —

'
SLIDE INDIGATOR
G, .

The transparent runner is referred to as the indicator, and the
line on it is called the hairline.

The mark opposite the primary number 1 on the D and C scale is
called the index of the scale. The C and D scales have two indexes,
one at the left end called the left index, the other at the right end
ealled the right index.

A number on one scale is said to be opposite a number on another
seale if the hairline can cover both numbers at the same time. Each
number is said to be opposite the other.

The slide rule is said to be closed when the slide is in such a position
that the left index of the C scale is opposite the left index of the
D scale.

Mathematical caleulations are accomplished on the slide rule by
moving the hairline or the slide or both. A deseription of these
movements and of the resulting positions of the hairline and slide
will be referred to as the setting.

Many settings will be deseribed throughout this manual. In these



R 0
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descriptions two expressions, “‘push the hairline” and ‘“‘draw the
number,” will appear frequently. These two phrases are virbually
idiomatie in slide rule language.

The meaning of the first phrase, “push the hairline,” is obvious.
The phrase, “draw the number,” is used to deseribe the operation
of moving the slide to bring a number on the slide into a new position
relative to the body. Therefore the word “draw,” when used in
these settings, should always be associated with movement of the slide.

Such words as “‘close” and “opposite” will be used repeatedly in
this manual. Moreover, the abbreviation € will be used for ¢ scale,
D for D scale, ete.

5. Location of the decimal point. In performing slide rule opera-
tions such as multiplication and division, the sequence of digits in
the answer is obtained without regard to the position of the decimal
point. The location of the decimal point is determined by rounding
off the numbers and making a mental caleulation. Users of the
slide rule soon learn to use common sense for this part of the problem,

For example, if the slide rule is used to multiply 16.75 by 2.83,
the three digits of the answer produced by the rule will be 474. To
place the decimal point it could be noted that the answer is approxi-
mately 16 X 8 = 48. Thus the answer is obviously 47.4.

6. Multiplication, The process of multiplication may be per-
formed by using scales C and D. The C scale is on the slide, but in
other respects it is like the D scale and is read in the same manner.

To multiply 2 by 4 (Fig. 6),
to 2 on D set index of C,
push hairline to 4 on C,
at the hairline read 8 on D.

==
il | e
|
1 4
o |-J|||||C|[I"’[]"'!I |r 1:|F
off P 2 8 |1 |
=

Fie, 6.

§6 1.
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To multiply 3 X 3 (Fig. 7),
to 3 on D set index of C,
push hairline to 3 on C,
at the hairline read 9 on D).

(=]
o l 5
1 3
TN Lo\ D BV !
o TSR T R A | I I = 1 o
oDl 3 2
| E—

10 feratrie

To multiply 1.5 X 3.5, disregard the decimal point and
to 15 on D set index of C,
push hairline to 35 on C,
at the hairline read 525 on D.
By inspection we know that the answer is approximately 5 and is
therefore 5.25.
To find the value of 16.75 X 2.83 (Fig. 8), disregard the decimal
point and

283
L= Y & s
2 4 &
¢l rllll"“‘[‘”"l? 1 |T| L
z D i Tz 5l 's‘s‘r‘alsje 4!.‘ a = |lis 3 1 =
1675 474
Fic. 8.

to 1675 on D set index of C,
push hairline to 283 on (,
at the hairline read 474 on D.
To place the decimal point we approximate the answer by noting

that it is approximately 3 X 16 = 48. Hence the answer is 47.4,

To find the value of 0.001753 X 1217,
to 1753 on D set left index of C,
push hairline to 1217 on C,
at the hairline read 2133 on D.




:] I. MULTIPLICATION AND DIVISION §7

To place the decimal point, approximate the answer by writing
002 X 10 = .02. Hence the answer is 0.02133.

These examples illustrate the use of the following rule:

Rule. To find the product of two numbers, disregard the decimal
points, opposite either of the numbers on the D scale set the index of
the C scale, push the hairline of the indicator lo the second wnwmber
on the C scale, and read the answer under the hairlive on e D scale.
The decimal poini is placed in accordance with the resull of a mental
approxzimation.

EXERCISES

10305 2. 6. 1.75 X 5.5 11. 1.047 > 3080.
2. 35 % 2. 7. 4.33 X 115, 12. 0.00205 X 408.
3.5 %2 8. 2.03 X 167.3. 13. (3.142)%,

4. 2 X 4.55, 9. 1.536 X 30.6. 14, (1.756)2.

5. 4.5 X 1.5. 10. 0.0756 X 1.003.

7. Either index may be used. It may happen that a product
cannot be read when the left index of the € scale is used in the rule
of §6. This will be due to the fact that the second number of the
product is on the part of the slide projecting beyond the body. In
this case reset the slide using the right index of the C seale in place
of the left, or use the following rule: '

Rule. When a number is to be read on the D scale opposite a num-
ber of the C scale and cannot be read, push the hairline to the index
of the C scale inside the body and draw the other index of the C scale
under the hairline. Then make the desired reading. This operation
18 called “interchanging the indexes.”

This rule, slightly modified to apply to the seales being used, is
generally applicable when an operation ealls for setting the hairline
to a position on the part of the slide extending beyond the body.

If, to find the product of 2 and 6, we set the left index of the
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(¢ scale opposite 2 on the D scale, we cannot read the answer on
the D scale opposite 6 on the C scale. Hence, we set the right index
of C opposite 2 on D; opposite 6 on € read the answer, 12, on D.

Again, to find 0.0314 X 564,
to 314 on D set the right index of C,
push hairline to 564 on C,
at the hairline read 1771 on D.

An approximation is obtained by finding 0.03 X 600 = 18. Hence
the product is 17.71.

EXERCISES

Perform the indicated multiplications:
1. 3 X 5.
2. 3.06 X 5.17.
3. 5.66 X 634.
4, 743 X 0.0567.
5. 0.0495 X 0.0267,
6
7

9. 912 X 0.267.
10. 48.7 X 1.173.
11. 0.298 X 0.544.
12. 0.0456 X 4.40,
13. 8640 X 0.01973.
14. (75.0)%

15. (83.0)2%

16. 4.98 X 576.

. 1.876 X 926.
. 1.876 X 5.32.
8. 42,3 X 3L.7.

8. Division. The process of division is performed by using the
C and D scales.
To divide 8 by 4 (Fig. 9),
push hairline to 8 on D,
draw 4 of C under the hairline,
opposite index of C read 2 on D.

———

Ols I o5
49
Gla | |
L ]lJI.II||“1|IIIFiIIrIE ! — i 5
001 3 y 1 o

Mra; 9.
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To divide 876 by 20.4,
push hairline to 876 on D,
draw 204 of C under the hairline,
opposite index of €' read 429 on D.

The mental caleulation 800 <+ 20 = 40 shows that the decimal point
must be placed after the 2. Hence the answer is 42.9,

These examples illustrate the use of the following rule:

Rule. To find the quotient of two wumbers, disregard the decimal
pownts, opposite the numerator on the D scule sel the denominator on
the C scale, opposite the index of the C scale read the quotient on the D
scale.  The position of the decimal point is determined from informa-
fion gadned by making a mental caleulation.

I EXERCISES

Perform the indicated operations:

1. 87.6 + 37.7. 0. 3.14 = 2.72,

2. 3.75+ 0.0227, 10. 3.42 = 81.7.

3. 0.685 -+ 8.93. 11. 529+ 565,

4, 1029 = 9.70. 12. 0.0456 <+ 0.0297.
5. 0.00377 = 5.29. 13. 396 + 0.643,

6. 2875 + 37.1. 14. 0.0592 < 1.983.
7. 871 = 0.468. 15. 0.378 =+ 0.0762,
8. 0.0385 -+ 0.001462. 16. 10.05 == 30.3.

9. Simple applications, percentage, rates. Many problems in-
\'ollving percentage and rates are easily solved by means of the slide
rule,

One per cent (1%) of a number N is N X 1/100: henee 5% of N is
N X 5/100, and, in general, p%, of N is pN/100. Hence to find 839%
of 1872

to 1872 on D set right index of (!
push hairline to 83 on (,
at the hairline read 1554 on D,

]

Since (83/100) X 1872 is approximately X 2000 = 1600, the

80
100

answer is 1554.

To find the answer to the question “A is what per cent of N2 wi

59 I. MULTIPLICATION AND DIVISION 11
must find 100 M + N. Thus, to find the answer to the question
47 is what per cent of 184.77” we must divide 87 X 100 = 8700
by 184.7. Hence

push hairline to 87 on D,

draw 1847 of € under the hairline,

opposite index of C read 471 on D.

. 9000 .
Themental calculation 500 45 shows that the decimal point should
be placed after the 7. Hence the answer is 47.1%.
For a body moving with a constant velocity, distance = rate times

time. Hence if we write d for distance, r for rate, and ¢ for time, we
have

d =nl, oo = or =

d d
34 [
To find the distance traveled by a car going 33.7 miles per hour
for 7.75 hours, write d = 33.7 X 7.75, and
to 337 on D set right index of C,
push hairline to 775 on C,
at hairline read 261 on D.
Since the answer is nearly 8 X 30 = 240 miles, we have d = 261 miles.

To find the average rate at which a driver must travel to cover
987 miles in 8.75 hours, write r = 287 =+ 8.75, and
push hairline to 287 on D,
draw 875 of C under the hairline,
opposite the index of € read 328 on D.

Since the rate is near 280 + 10 = 28, we have r = 32.8 miles per hour

EXERCISES

1. Find (a) 86.3 per cent of 1826.
(b) 75.2 per cent of 3.46.
(¢) 18.3 per cent of 28.7,
(d) 0.95 per cent of 483,

2. What per cent of
(a) 69 is 187
(b) 132 is 857
(¢) 87.6 is 192.87
(d) 1027 is 28?
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3. Pind the distance covered by a body moving
(@) 23.7 miles per hour for 7.55 hours,
(b) 68.3 miles per hour for 1.773 hours.
(e) 128.7 miles per hour for 16.65 hours,
4, At what rate must a bady move to cover
(@) 100 yards in 10.85 seconds?
(h) 386 feet in 25.7 seconds?
(e) 93,000,000 miles in 8 minutes and 20 seconds?
5. Find the time required to move
(a) 100 yards at 9.87 yards per second,
(b) 3800 miles at 128.7 miiles per hour.
(e) 25,000 miles at 77.5 miles per hour,

10. Use of the scales DF and CF (folded scales). The DF and the
CF scales are the same as the D and the € scales respectively except
in the position of their indexes. The fundamental fact concerning the
folded seales may be stated as follows: if for any setting of the slide, o
nwmber M of the C scale is opposite a number N on the D scale, then the
number M of the CF scale is opposite the number N on the DF scale.
Thus, if the operator will draw 1 of the OF scale opposite 1.5 on the
DF scale, he will find the following opposites on the CF and DF scales

DF 1.5 3 6 7.5 9 1

CF 1 2 4 5 6 6.67

and the same opposites will appear on the € and D scales.

The following statement relating to the folded scales is basic. The
process of setting the hairline o a number N on scale C lo find its op-
posite M on scale D may be replaced by setting the hairline lo N on scale
CF lo find dts opposite M on scale DF. The statement holds true if
letters C' and D are interchanged.

In accordance with the principle stated above, if the operator
wishes to read a number on the D seale opposite a number N on the
C' scale but cannot do =0, he ean generally read the recuuired number
on the DF scale opposite N on the CF seale. For example to find
2 X 6,

to 2 on D set left index of (,
push hairline to 6 on C'F,
at the hairline read 12 on DF.
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By using the CF and DF geales we saved the troulhle c;f_ moving 'f.he
slide as well as the attendant source of error. Tlhas saving, entering
as it does in many ways, is the main reason for using the folded s::a.le:‘s.
The folded scales may be used to perform mnltiplif:ations and Ehv i-

sions just as the C and D seales are used. Thus to find 6.17 X 7.34,
' ta 617 on DF set index of CF,

push hairline to 734 on CF,

at the hairline read 45.3 on DF; or

t0 617 on DI set index of CF,

push hairline to 734 on C,

at the hairline read 45.3 on D.
Again to find the quotient 7.68/8.43,

push hairline to 768 on DI,

draw 843 of OF under the hairline,

opposite the index of CF read 0.911 on DF; or

push hairline to 768 on DF,

draw 843 of O'F under the hairline,

opposite the index of C read 0.911 on D.

It now appears that we may perform a multiplication OF &, division

in several ways by using two or more of the scales C, D, CF, z%nd DI,
The sentence written in italics near the beginning of the article sets
forth the guiding principle.

EXERCISES

Performi each of the operations indicated in the following exercises. Whenever
possible without resetfing, read the answer on D and alse on DI

1. 5.78 X 6.35. 7. 813 X 1.951.

2. 7.84 X 1.065. 8. 0.00755 <+ 0.338.
3. 0.00465 =+ 73.6. 9, 0.0948 + 7.23.
4. 0.0634 X 53,600, 10. 149.0 <+ 63.3.

5. 1.769 = 496. 11. ‘2,718 -+ 65.7.

6. 946 = 0.0677. 12. 1.072 <+ 10.97.

. %=

11. Multiplication and division by 7 using scales CF énd DF. '1%13
symbol 7 (pronounced pi) is used to designate the ratio of the eir-
cumference of a circle to its diameter. The value of & accurale to

four decimal places is 3.1416., : ‘
*The O and b scales on the reverse ('red'”) face of the slide rule have lovating marlks for eanveni-

: T oo == oy {-
ence in multiplying or dividing by, 2, or 3 See Appendiz A Tor an explunation.
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By means of the CF and DF scales operating with seales ¢ and D,
multiplication and division by = is accomplished with only a single
setting of the hairline. This is made possible because the index of the
CF and DF scales is so pluced in relation to the indexes of the € and
D scales respectively that:

any number on DF s m times its opposite on D
or

any nwmber on D 15 % times its opposite on DF,
The statement in italies applies to the ¢ and CF seales also.
Thus to find the value of 5,
push hairline to 5 on D,
under hairline read 15.7 on DF,

To find the value of %,
push hairline to 4 on DF,
under hairline read 1.273 on D.

Example. The circumference of a circle measures 8.48 inches. Find
its diameter.

Solution. The formula for the circumference (C) of a cirele in terms
of its diameter (d) is
C=xdord=C
T
Therefore, d = % To find d we make the following setting:
push hairline to 848 on DF,
under hairline read 2.70 on D,
The position of the decimal point was determined by the approx-

imation, g =3. Therefore the diameter d = 2.70 inches.

II EXERCISES

Tind the value of the following:

1. 6. 5. 783 8. 15/6m.
2. 8.4T. & 19.6
3. 78.3m. 6. 0.5047. >
g 2 7. 0.0876, 10, 17.14
g T

11. The diameter of a circle is 2,84 inches. Find its circumnference,

r-__
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12. The eircumference of a circle is 19.63 inches. Find its diameter,
13. A eylindrical tube is 13 inches long and has an outside diameter of 234

inches. Find its outside surface area. The formula for the nutside surface area is

§ = ar dh where 8 denotes the surface area, d the diameter and /i the length,

12. Combined multiplication and division.
7.36 X B.44
92 '
Solution. Reason as follows: first divide 736 by 92 and then
multiply the result by 844. This would suggest that we
push hairline to 736 on D,
draw 92 of € under the hairline,
opposite 844 on C, read 0.675 on D.
18 X 45 X 37
T 23X 29
Solution. Reason as follows: (a) divide 18 by 23, (b) multiply the
result by 45, (c) divide this second result by 29, (d) multiply this third
result by 37. This argument suggests that we
push hairline to 18 on D,
draw 23 of C under the hairline,
push hairline to 45 on C,
draw 29 of C under the hairline,
push hairline to 37 on C,
at the hairline read 449 on D.

Example 1. Find the value of

Example 2. Find the value of

To determine the position of the decimal point write W
= about 50. Hence the answer is 44.9.

A little reflection on the procedure of Example 2 will enable the
operator to evaluate by the shortest method expressions similar to
the one just considered. He should observe that: the D scale was
used only twice, onee at the beginning of the process and once at its
end; the process for each nwmber of the denominalor consisted in drawing
that number, located on the C scale, wnder the hairline; the process for
each number of the numerator consisted in pushing the hairline to that
nwmber located on the C scale.

If at any time the indicator cannot be placed because of the projection
of the slide, interchange the indexes or carry on the operations using the
Jfolded scales.
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i EXERCISES '7
19X 14 5. 05.6 X 0.842
5 4.63 :
5 874 X 506 6. 766 X 63.4 X 96
75.6 : ’ 3.23 7 i
3, 146.2 X 8.50 y 472 X 183 7
32907 " 826 X 16.4

4 11 X 12 X 27w

g 382 X 6.94 X 7.82 X 4%
7 X 13 ;

77.8 X 0.0822 X 642

9. Multiply r312_, successively by 1.44, 2.62, 3.18, 4.6, 5.12, 6.72, 7.46, 8.12, 9.62.

w4 L
Hint: draw the left index of € to 312 on D, push hairline in suecession to the

given numbers on € or CF and read the answers under the hairline on D or DF
respectively,

13. Visval summary,*

To mudtiply a by b: © =g X b.

L. To & on D set either index of €,

2. atbonC (CF)read abon D(DI).

a
To divide a by b: = = >

]

1. Tomon D (DF) set bon C (CF), 5ol DF Vg?\

2. at index of € read a/b on D. ¢ ]

o
m
1
&
0—4

* In these wvisual sutnmaries, lower case lstters from beginning of alphabet —a, b, ¢, sto. —
reprezent known quantities; letters from end of alphabet — i, y, 2, — represent unknown quantities
to be fourid. Capital letters — 4, B, €, ete., — designate seales:
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b
T'o multipl: wide by =) * = TaA; ® = —.
To maltiply or divide by p -
1. At @on D read ma on DF; %ol DF air b _<
CF
b by
2. at b on DF read . D. o D L / -
i
é
K, ab
Combined multéplication and division: © = —
ab
1. Toaon D (DF)set con C (CF), @\ c >
° o]_DF A
CF ‘E/ b & b (
ab : ,. c 1r /
2. atbon C (CF) read = on D (DI). 2 ) 1 ﬂ—.;b* / <
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CHAPTER 11

THE PROPORTION PRINCIPLE AND
RECIPROCAL SCALES

14. Introduction. This chapter introduces the important concept
of the proportional relationship between numbers on the ¢ and D
scales, and shows how this relationship can be used for solving equa-
tions and converting measurements into their equivalents in other
systems. It also introduces the reciprocal seales CI, DI, and CIF
:‘qld shows how these scales facilitate various types of computationsf
’!‘]ue operating principles of the reciprocal scales are explained in
Chapter V11,

15.. Ru!ilos and proportions. The ratio of two numbers a and b is the
quotient of a divided by b or a/b. A statement of equality between
two ratios is called a proportion. Thus

2 6 & 7 a ¢

= 3 e e =

(5 T | b d

are proportions. We shall at times refer to equations having such
forms as

Cel

10 a ¢ é
—, and = = — =~
2 b

d

c.c
oy | =

as proportions.

) An important setting like the one for multiplication, the one for divi-
sion, ‘u.mi'. any other one that the operator will use frequently, showld be
practiced until ot is made without thought. But, in the process of devising
['._."ff’ best setlings to oblain a particular result, of making a selting used
mfn'_r,rm'}iifg‘f, or of recalling o forgotten setting, the ap};h'cu.tzfma. of pr'§~
portions as explained in the next article 4s very useful. .

1.6. Use of proportions. If the slide is drawn to any position, the
ratio of any number on the D seale to its opposite on the € seale is
- = = - . gl ¥ . - . - . i o a7
m accordance with the setting for division, equal to the number on

18
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the D scale opposite the index on the ' scale. In other words, when
the slide is sel in any position, the ratio of any nuniber on the D seale
10 its opposite on the C scale is the same as the ratio of any other number
on the D scale to its opposite on the C scale. For example draw 1 of (

1.5 25
1 4
C|r|||ll-||.|2||||||:li | .? // f
°l'p | I | | | I=lsalgl 3 \:U
[a} 1 2 3 4 I5 B T 8 91 o
Fra. 10.

opposite 2 on D (sce Fig. 10) and find the opposites indieated in the
following table:

C (or CI) 1 1.5 2.5 3 4 5 —‘
D (or DF) 2 3 ] 6 ] 10 l

and draw 2 of C over 1 on D and read the same opposites. The same
statement is true if in it we replace (' seale by CF scale and D scale
by DF scale. Hence, 1f both numerator n and denominator d of a ratio
in @ given proportion are known, we can set n of the € scale oppostte d on
the D scale and then read, for an equal ratio having one part known, its
unknown part opposite the known part. We could also begin by setting
d on the C seale opposite n on the D seale. 1t is important to observe
that all the numerators of a series of equal raties must appear on one
seale and the denominators on the other. For example, let it be required
to find the value of z satisfying
x 9

56 7
Here the known ratio is 9/7. Hence
push hairline to 7 on D,
draw 9 of € under the hairline,
push hairline to 56 on D,
at the hairline read 72 on C; or
push hairline to 9 on D,
draw 7 of C under the hairline,
push hairline to 56 on C,
at the hairline read 72 on D.
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Figure 11 indicates the setting, The CF and DF scales could have
been used to obtain exactly the same settings and results.

56
°e i g
| c3 t 1 ¢ fdelr e S
oo ] I ¢ v % ogrey
=
Fra, 11.

To find the values of z, y, and z defined by the equations
() 3.15 T 57.6 2

D' 529 435 gy 1834’

note that € and D indicate the respective scales for the numerators
and the denominators, observe that 3.15/5.29 is the known ratio, and
push hairline to 529 on D,
draw 315 of C under the hairline,
opposite 435 on D, read = 2.59 on C,
opposite 576 on C, read y = 96.7 on D,
opposite 1834 on D, read 2 = 109.2 on C.

The positions of the decimal points were determined by noticing that
each denominator had to be somewhat leéss than twice its associated
numerator because 5.29 is somewhat less than twice 3.15.

When an answer cannot be read, interchange the indexes. Thus to
find the values of x and y satisfying

¢ @ 14.56  5.78

D" 587 976 Y
to 976 on D set 1456 of C; then, since the answers cannot be read,
interchange the indexes, push the hairline to the index on C, draw
the right index of C under the hairline and

opposite 587 on D, read x = 87.6 on C,

opposite 578 on (, read y = 38.7 on D.

Here the positions of the decimal points were determined by observing
that each denominator had to be about six times the associated

numerator.
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When a result cannot be read on the C seale nor on the D seale, it
may be possible to read it on the CF scale or on the DF scale. Thus,
to find = and y satisfying the equations

C (or CF) 4.92 1 Y

D (or DF)) =« _ 323 13.08°

to 323 on D set left index of C,

opposite 492 on CF, read # = 15.89 on DF,
opposite 1308 on DF, read y = 4.05 on CF.

If the difference of the first digits of the two numbers of the known
ratio is small, use the € and D scales for the initial setling; if the
difference is large, use the CF and DF scales. Since in the next
to the last example, the difference between the first digits was great,
the CF and DF scales should have been used for the initial setting.
This would have eliminated the necessity for shifting the slide.

EXERCISES

Find, in each of the following equations, the values of the unknowns:

r 78 2 851 9 285

"5 9 15 & oy
: 3

2__3‘_;.22 o 2k KAl B

120 170 207 613 1.571
5 7 _ 249 o, % __U _ 528 201
TR " 0.204  0.0506 z  0.1034
5 2_ @ : il 0.813 _ 2 0.43:,_

3 7.83 2.85 61 y
s w0y 1 12 it LV, eyl & 2,43
" 1804 25 0.785 © 0429 0789 0.0276°
o T _ 246 _ 28 " x 0743  0.0615
‘709 oy 384° 000560 01 oy

17 1.365  4.86 @ S _ ¥ _375
AT T “y 784 297

15 LN 1.076




— . — o e i

22 Il. THE PROPORTION PRINCIPLE 817

17. Forming proportions from equations. Since proportions are
algebraic equations, they may be rearranged in accordance with the
laws of algebra. For example, if 3

L=y (1)
(&
we may write the proportion 5. g4p
T 2}
1 ¢ (
or we may divide both sides by a to get
x ab T b
——=—y B = = =y (3)
a (18 (L c
or we may multiply both sides by ¢/a to obtain
cx  cab ¢ ab
—=—, o =, (4)
@ xe 1 i

Rule (4). A number may be divided by 1 lo form a ratio. This was
done in obtaining proportion (2).

Rule (B). A factor of the numerator of either ratio of a proportion
may be replaced by 1 and writlen as a faclor of the denominator of the
other ratio, and a factor of the denominator of either ratio may be replaced
by 1 and written as a factor of the nwmerator of the other ratio. Thus
(3) could have been obtained from (1) by transferring a from the numer-
ator of the right hand ratio to the denominator of the left hand ratio.

: 16X 28 16 X 28
TFor example, to find — o , write @ = , apply Rule
g 2 28
(B) to obtain —: — = — and
D 16 39

push hairline to 35 on D,
draw 28 of € under the hairline,
opposite 16 on D, read @ = 12.8 on C.

Figure 12 indicates the setting.

l2.l8 28
L o] o @
T c :!l o el |5|T|E|92|.-:| |1} |3| 4| T ? T ?
ol 1 TG GGl gkl VNI T ITVTITi 1 s F o
o 1 2 4 5 6 7 189 % o
16 35

Fig. 12.
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To recall the rule for dividing a given number M by a second given
x M

M D
ber N, write @ = —, apply Rule (4) to obtain —: = e
number N, N pply (A) 0 1T N
and push hairline to M on D,
draw N of C under the hairline,

opposite index of C, read x on D.

MN
To recall the rule for multiplication, set © = - i apply Rule (B)
D x N 2
to obtain o -1’ an

to N on D set index of C,
opposite M on C, read x on D.
el 864 7.48 864
Tofindaif — = — —— , use Rule (B) toget — = ——,
z  (7.48) (25.5) x 25.5
malke the corresponding setting and read z = 0.221. The position of
the decimal point was determined by observing that x must be about

1
10 of 8, or 0.2.

EXERCISES l

Find in each ease the value of the unknown guantity:

8 X 12 80.32
" 1 8, 498 = 3
1.4 7 0.563 .
oy 3.05 % 0.707
o e 9. 0874 = - yes
28 T
_ 0.0879
3. 8 = 756 X 9. 10. 0695 = —
" 86 % 70.8 o L _ 07
~¥ =195 " 386 2.85)
AT.5 X 8.76
S DR 12. 2580y = 17.9 X 587.
' 3260
Aratr 5.96
Gy T S S 13. 3.14y = 0.785 X 38.7.
0.502
37 X 86 0.8761
LS R 14, =2 _ wi5g.
1 5.49
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18. Equivalent expressions of quantity.* When the value of a
quantity is known in terms of one unif, it is a simple matter fo
find its value in terms of a second unit. Thus to find the number
of square feet in 3210 sq. in., since 1 square foot = 144 square inches,
write

1 no. of sq. ft. x

—— ; hence
3210

144~ no. of 8q. in,
to 144 on D, set index of C,

) opposite 3210 on D, read @ = 22.3 on (;
that is, there are 22.3 sq. ft. in 3210 sq. in.

’Aga‘in consider the problem of finding the number of nautical
mfles in 28.5 ordinary miles. Since there are 5280 ft. in an ordinary
mile and 6080 ft. in a nautical mile, write l

5280 ft. in naut. mi. @
6080 ft. inord. mi. 285’
make the corresponding setting and read x = 24.8 naut. mij.

l{ EXERCISES

‘ .I_. An inch 1&; equivalent to 2.54 ¢m. Tind the respective length in em. of rods
66 i, long, 98 in. long, and 386 in. long. Note the proportion:
i 166 _ 98 _ 386

em, 254 1z Y %

‘2. One yd. is equivalent to 0.9144 meters. Find the number of meters in a
distance of (@) 300 yd. (b) 875 yd. (¢) 2.78 yd.
yd. 1 300 875 278
‘m 0814 g _?_ z
3. If 7.5 gal. water weighs 62.4 lb., find the weipt 5
. 3162: R > weight of (@) 865 gal. water.
(6) 247 gal. water, (¢) 3.78 gal. water. Sl

4. ?1 sq. m is approximately 200 sq. em. How many square centimeters in
(a) 36.5 sg. in.? (b) 144 sq. in.? (c) 65.3 5. in,?

5. If one ho_rsepower is equivalent to 746 watts, how many watts are equiva-
lent to (a) 34.5 horsepower? (b) 5280 horsepower? (¢) 0.832 horsepower?

6. If one gallon is equivalent to 3700 cu. em., find the number of gallons of

water in a hottle which contains (2) 4250 cu. crm. (b) 9.68 cu. em. (¢) 570 e, om
of the liquid. “fear

*A table of conversion factors appears in Appendix B,
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7. The intensity of pressure due to a column of mercury 1 inch high (1 inch
of mercury) is 0.49 Ib. per sq. in. If atmospheric pressure is 14.2 lb. per sq. in.
what is atmospherie pressure in inches of mercury? What iz a pressure of 286

by per sq. in. in inches of mercury? What is o pressure of 128 inches of mercury
“in Ib. per sq. in.?

8, If Py represents the pressure per square unit on a given quantity of a
perfeet gas and V, the corresponding volume, then for two states of the gas

at the same temperature
- I P Va

P: Vi
The volume of a gas at constant femperature and pressure 14.7 lb. per sq.
im. is 125 cu, in, (e) Find the respective pressures at which the volumes of
the gas are 300 cu. in., 250 ecu. in., 75.0 cu. in. (h) Find the respective vol-
umes of the gas under the pressures; 83 b, per sq. in., 55 Ib, per sq. in,, 23 1b,

Jper sq. in., 10 Ib. per sq. in.

19. The DI, Cl, and CIF (reciprocal) scales. The reciprocal of a

1
number is obtained by dividing 1 by the number. Thus, 5 is the

2 3
reciprocal of 2, 3 (== 5 ) is the reciprocal ol'§ , and — is the
: a

reciprocal of a.

The reciprocal scales CI and CIF, on the front face of the slide
rule, and DI, on the reverse face, are marked and numbered like
the €, CF, and D scales respectively but in the reverse (or in-
verted) order; that is, the numbers represented by the marks on these
seales increase from right to left. The red numbers associated with
the reciprocal seales enable the operator to recognize these secales.

Rule. When ihe hairline is set to a number on the C scale, the reciprocal
(or dnverse) of the number is at the hairline on the CI scale; conversely,
when the hairline 1s sel to a number on the CI secale, its reciprocal is
at the hajrline on the C scale.

The same relation exists between the D and DI scales and between
the CF and CIF scales.

To fix this relation in mind push the hairline in succession to the

0.5 0.25 0.2 0125 | 01111
D L | (=1/2) | (=1/9) | (=1/5) | (=1/8) | (=1/9)

DI 1 2 4

8 ]

=
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numbers on DT in the second row of the diagram and read on D the
respective reciprocals written in the first row. Also opposite the
numbers 1, 2, 4, 5, 8, and 9 on CI read their respective reciprocals
on (. Again find the same opposites on CI/" and CF.

By using the facts just mentioned, we can multiply a number
or divide it by the reciprocal of another number. Thus to find

28 , _ 1
— , we may think of it as 28 X - and
7 7

to 28 on D set index of C,
opposite 7 on CI, read 4 on D.

1
Again to find 12 X 3, we may think of it as 12 + 7 and

push hairline to 12 on D,
draw 3 of C' I under the hairline,
opposite index of C, read 36 on D.

When the C'T scale is used in multiplication and division, the position
of the decimal point is determined in the usual way.

The DF and CIF scales may be used to perform multiplications
and divisions in the same manner as the D and CT seales; thus to
multiply 40.3 by 1,/9.04,

t0 403 on DF set index of CF,
opposite 904 on CIF), read 4.46 on DF.

Again to multiply 40.3 by 1/0.207,
to 403 on D set left index of C,
opposite 207 on CIF, read 194.7 on DF.

It should be noted that when the hairline is set to any number
on a seale on one face of the slide rule, the rule may be turned over,
without changing the position of the indicator, to read the opposite
number on a scale on the other face of the slide rule.

EXERCISES

1. Use the DI scale to find the reeiprocals of 16, 260, 0.72, 0.065, 17.4, 18.5, 67.1.

2. Find 18.2 % 21.7 in the usual way and then read 1/(18.2 X 21.7) on DI
opposite the first answer on D. Similarly find the values of 1/(2.87 X 623),
and 1/(0.324 % 0.497).
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3, Using the D scale and the €1 seale, multiply 18 by 1/9 and divide 18 by 1/9.

4. Using the D scale and the C7 scale, multiply 28.5 by 1/0.385 and divide
98,6 by 1/0.385. Also find 28.5/0.385 and 28.5 X 0.385 by using the € scale and
the D scale.

5. Using the D scaleand the CI seale, multiply 41.3 by 1/0.207 and divide 41.3
by 1,/0.207.

6. Perfarm the operations of Exercises 2, 3, and 4 by using the OI1 scale and
the DF scale.

%. Set the hairline to 8.62 on DF, and read at the hairline 8.62/7 on D and
a/8.62 on DI. Also find the values of 1.23/m, 7/1.23, 39.4/m, and w/30.4.

20. Proportions involving the reciprocal scales. The reciprocal scales
may be used in connection with proportions containing reeiprocals.

1 . 1
Since any number @ = 1 + — and since — = — =+ 1, we have
a a @
Rule (C). The value of any ratio is not changed if any factor of s
mumerator be replaced by 1 and its reciprocal be writlen in the denomina-

tor, or if any factor of its denominator be replaced by 1 and its reciprocal

@ 1 1
e written in the numerator. Thusa = q (?} ) = 5 (UG-)l Hence
i x ; 5 x b c 5 5
o= = b, we may wiile — = —— = — ] ar = be, we
a a (1/c) (1/b) ’
b ¢

may write A few examples will indicate

X
(/a) (/e /)

the method of applying these ideas in computations.

To find the value of y which satisfies = 0.785 X 3.76, apply

ot

Rule (C ; D 1 0.785
(C PoEehi e
) toeet o Tor = W37
'Since, when 3.76 of CI is under the hairline, 1/3.76 of € is also under
the hairline,
push hairline to 785 on D,
draw 376 of C'I under the hairline,
opposite 427 on CF, read y = 12.60 on DF.

The position of the decimal point was determined by observing that
Y was nearly 4 X 1 X 4 = 16.
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To find the value of 3 which satisfies 1/(7.89y) = 0.381/0.0645, use
_ D (fy) 0.381
Rule (€) to obtain —: —— = !
(6} 7.89  0.0645
push hairline to 381 on D,
draw 645 of € under the hairline,
opposite 7.89 on C, read y = 0.0215 on DI.

and

The position of the decimal point was obtained by observing that
0.381 is about 6 X 0.06 and therefore that 1/y is about 6 X 8, or 48,
so y = 0.02 approximately.
To find the values of z and y which satisfy 57.6z = 0.846y = 7,
use Rule (C) to obtain
D @ Y
er (1/57.6)  (1/0.846)
to 7 on D set index of (1,
opposite 576 on O, read = = 0.1215 on D,
opposite 846 on C'IF, read y = 8.27 on DF.
The folded secales may also be used. Thus to solve the same equation,
to 7 on DF set index of CIF,
opposite 576 on CIF, read = 0.1215 on DF,
opposite 846 on CIF, read y = 8.27 on DF.

and

’

Tt | oy

EXERCISES

In each of the following equations find the values of the unknown numbers:

75.2 0342 g
33w =44y = - d 4, ——— = = (189) (0.734).
B il > g U0l
111 _ 12,6
2. 761y =344y = ——. 5. 5.83z = 644y = = 0.2804.
22.8 %
Y " 1.83 176
3. 1,837 = —— = (162) (1.75). 6. 3:42x = = —— = (2.78) (13.62).
24.5 Y 7

21. Combined operations involving the reciprocal scales. The
reciprocal seales may be used with scales €, D, CF and DF in com-
bined operations involving a series of multiplications and divisions.
In this connection the application of Rule (€) §20 will be helpful.

A_ - 8
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Example 1. Find the value of 1.845 X 92 X 2.45 X 0.584 X 365,

and of 1 divided by this product.

Solution. By using Rule (C) of §20, write the given expression in
the form
1.843 X 245 X 365
(1/92 )(1/0.584)
and reason as follows: (a) divide 1.843 by (1/92), (b) multiply the
result by 2.45, (¢) divide this second result by (1/0.584), (d) multiply
the third rvesult by 365. This argument suggests that we
push hairline to 1843 on D,
draw 92 of €T under the hairline,
push hairline to 245 on €,
draw 584 of ' under the hairline,
push hairline to 365 on C,
at the hairline read 886 on D), and 1129 on DI.

_ . ; 2 X 2 X400 ;
To approximate the first answer we write —— = §(0,000.
0.01 X 2

Hence the answers are 88,600 and 0.00001129.
Example 2. Find the value of
1/(352 X 621 X 0.0154 X 0.00392).

Solution. This eomputation could be made by computing the
denominator by a series of multiplications and then reading the re-
eiprocal of the denominator on the DI scale. However the use of
reciprocal scales in a combined operation is effective. Hence write the
given expression in the form

(1/352) (1/0.0154)
621 X 0.00392 '
push hairline to 352 on DI,
draw 621 of C under the hairline,
push hairline to 154 on CI,
draw 392 of C under the hairline,
opposite index of €, read 758 on D.

:TO approximate the answer write 1/(300 X 600 X .02 X .004) =
1/14(nearly) = .07(nearly). Therefore the answer is 0.0758.

The following rule summarizes the proecess:
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Rule. To compute a nwmber defined by a series of multinlications
and divisions:

(a) arrange the expression in fraclional form with one more factor
in the numerator than in the denominator (1 may be used if necessary),

(b) push the hairline to the first number in the numeralor on the
D or DI scale,

(c) using the C or CI scale, take the other numbers alternately, draw-
ing each number of the denominator under the hairline, and pushing the
hairline to each number of the numeralor,

(d) read the answer on the D scale,

(e) to gel an approximation, compule the value of the expression
abtained by replacing each numnber of the given expression by a convenient
approximate number involving one, or al most two, significant figures.

When necessary, interchange the indexes to make a setting possible.
Also, the folded seales may be used to avoid shifting the slide. At any
time the hairline may be pushed to a number on ¢ or on CF; it is a
good plan in combined-operation problems always to follow the
operation of pushing the hairline to & mark on C or CF by drawing
a mark of the same seale under the hairline.®

When a problem invelving combined operations contains 7 as a
factor, the statements dealing with = in §11 ean be used in the
solution.

It is interesting to observe that, when an answer is read on D, its
reciproeal can be read at once opposite this answer on DI,

=In the combined-operation computation considered above, the seale of operation may be
changed at will from the € scale to the CF spale or vice versa, In general, however, if the answer
ig read on the D scale, the number of times the hairline has been pushed to p mark on OF must
be the same as the number of times o mark on €F has been drawn under the hairline.  If the answer
iz read on D, the process of pushing the hairline to a number on CF must have been used exactlr
one more time than the process of drawing a mark of CF under the hairline,

EXERCISES l1

5 T8 1375 X 0.0642
TS : 76,400
11 x12x1 o B2 X 1124
woSegl o ’ 336
30905 700 218

o =]
8 X (1/5) 423 % 50.8
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235 i 3.97
' 3.86 X 3.54° T 51.2 X 0.925 X 314

8. 2.84 X 6.52 X 5.19, 6, 47.3 X 3.14
0. 9.21 X 0.1795 X 0.0672. 32.5 X 164

7

3.82 X 6.95 X 7.85 X 436

10. 37.7 X 4.82 X 830. 17.
' 70.8 % 0.0317 3 870
65,7 X 0,835 _

3.58 7 18. 187 X 0.00236 X 0.0768 X 1047 X 3.14.
. 362 1o, 0917 X 865 X 1076 X 3152
1% 256 % 9.61° ' 7840 -

241 45.2 X 11247
g —— 20. e
™ 961 % 32.1 336
. 7B X 63.4 X 95 45.2 X 11.24
s 21, —

3.14 3360

In evaluating the exercises numbered 2225, compute the denominations by
straight multiplication and read the reciprocals of the denominators on the DI
seale.

1 1
P 24. .
421 X 632 0.153 X 0.646 X 5.72 X 0.628
1 1
25

Lo S = s
827 X 6.28 X 273 3.14 X 2,72 X 1414 X 1.572
26. Bolve problems 22-25 by using the method of Example 2.

22. Reciprocal scales in electrical engineering calculations. Many

formulas in electrical engineering take the form ; that is; a

lnin
fraction with 1 as the numerator and the product of three numbers
in the denominator. TFor example, radio and television engineers
frequently need to ealculate the reactance of a capacitance to the
flow of alternating eurrent. The formula is:
1
6.28/C
where [ = frequency and C = capacitance.

Reactance =

Expressions of the form can be evaluated by using secales

T
(', CT and D to obtain the produet I X m X n, but instead of reading
this produet under the hairline on D, read its reeiprocal under the
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hairline on DI. The procedure is illustrated in the following setting:
push hairline to I on D,
draw m of C'I under the hairline,
push hairline to # on O,

under hairline on DI read —.
lmn
Suppose, as is often the case, that one wishes to find the reactance
at a given frequency of several capacitances connected in series.
The formula is then:
React 1 1 1
paChANee =i —
6.287C 6.28/C 6.28fCn

This can be written in the form:

- 1 (1 L il L 1)
Reactance = —— | — e voa=—1
6.28f \C: (s Cs
This expression can be evaluated quite simply on the slide rule
by first finding the reciprocal of C,, the reciprocal of Cy, . . . the
reciprocal of Cp, and adding these reciprocals to obtain the sum S.
Then divide S by 6.28f.

To find the value of the reciprocal of Ci,
push hairline to C; on D,
under hairline read on DI the reciprocal of Ci.

A similar setting is used to find each of the remaining reciprocals.

S
To find the value of 678}"

push hairline to S on D,
draw 628 of € under the hairline,
push hairline to f on CI,
under hairline read answer on D.

Another useful example is computing the total reactance of a
circuit containing inductance L and capacitance C in series. The
equation is:

Reactance = 6.28fL — ——— .
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The procedure is:
push hairline to 6.28 on D,
draw f of C/ under the hairline,
push hairline to L on C,
under hairline read, on D, 6.28fL;
push hairline to C on Seale C,

under hairline read, on DI, —

6.28/C "
Subtract the second result from the first.
EXERCISES
Evaluate the expression
Ilmn—
lmp
for the sets of values numbered 1-6:
1. l= 541, m =314, n =022, p = 00635
2.1 =0.759, m =601, n = 0.154, p = 0.00632.
3.1 =628 m =542 n=00246, p = 0.00542.
4.1=0698 m=632 n=0562 p = 00000653.
5. [l= 628, m =600, n = 0.247, p = 15.00 X 10-5%
6.1 =628 =635 n=0152 p=516X 107

Evaluate the expression
1o 1 1
—3;?'1}3;4—%‘1' v
for the sets of values numbered 7-12:
7.1 =250, wm =401, n
8. [ = 3.65, m =306, m
ng( =nk) = 0.00472.
9. | = 6.28, m = 60.0, nm = 0.000346,
ni( =ny) = 0.000645.
10. | =628, m =613, n
iy ( =) = 5.62 X 107%
11. { = 6,28, m = 624, m = 3.01 X 107§
R C=mn) = 5.81 X 1074

12. 1 =698, m =403, n
ny (=) = 7.51 X 107,

I

0.641, fia { =) = 1.08.
0.00347, na = 0,00297,

Il

nz = 0.000463,

=342 X 1078, mp = 271 X 1075,

I

e = 5.62 X 107,

|

= 521 X 10-% 7: =821 X 1079,

*For an explanation of the powers-of-ten notation, see Article 67.
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23. Visual summary.

|
) a
Proportien: — =

3
3. at won D read —on DI.
a

)

=l

o
—-—=—, CHAPTER III
b & 3 Q @ @®
0 J,{? f@’ -, SQUARES AND SQUARE ROOTS;
! 1. Tobon D (DF) set ¢ on ¢ (CF), of D I =
' _ F haargdd ( CUBES AND CUBE ROOTS
2. at con D (DF) read z on (! (CF), i g ;i ! } /
3. at d on € (CF) read y on D (DEF). 2 24. Introduction. This chapter explains how to use the shde rule
for solving problems involving squares, square roots, cubes and cube
| Be sure to keep all denominators on body and all numerators on slide. zoots. In this ctmnc«;tmr}, the slide rule 1 used n tu-‘-‘._) basic ways:
| — (1) as a table to determine the values of such functions, and (2)
' |‘ ‘as a computer to perform caleulations involving them. The seales
1 here considered are the square scales Sqf and Sg2, the square root
\ Reciprocal: z = —. seales A and B, and the cube root scale K.
a . . E.
‘ | % The DECI-LON slide rule may be used with greater facility and
ll : 1 ;?J 6 sccuracy in certain problems by virtue of having the Sgi and Sg2
laasigion g a Gt b AL < ‘seales in addition to the time-tested powerful A and B seales.
| gl 14y . A =T
ol /’la Seales 4 and B are used for multiplications, divisions, and com-
'|| 2 b gon OF read = o CIF, = | < bjhed operations invlcrlving pl‘in.mrilg.( squiare roots. In addition,
4 @ however, many combined operations involving squares may be per-
j‘ formed by using seales A and B.

Seales Sgi and S¢2 are double unit length seales. They are espe-
eially adapted for obtaining the values of squares and square roots,

‘and are also useful in performing directly certain frequently used

caleulations involving squares, such as finding the areas of cireles.

A complete explanation of the principles of the square, square roof,
and cube root scales is given in Chapter VII, §§ 87 and 88.

25. Sql and Sq2 scales; squares. The square of a number is
the result of multiplying the number by itself. Thus2® = 2 X 2 = 4.
- Seales Sg/ and Sg? together will be referred to as the square scales
(either one singly as a square scale).

The square seales (S¢l, Sg2) are so eonstructed that:

Rule. When the hairline is sel to a number on scale Sql or Sq2,

ke square of the number s found wnder the hairline on scale D.

35




36 lIl. SQUARES, SQUARE ROOQTS, CUBES, CUBE ROOTS 8§25

To gain familiarity with the relations between these scales consider
the following examples:

To find 22, push hairline to 2 on Sqi,
under hairline read 4 on D.
To find 42, push hairline to 4 on Sg2,

under hairline read 16 on D,

To find 278%,push hairline to 278 on Sqi,
under hairline read 773 on D.

To determine the position of the decimal point, round off the given
aumber to 300 and note that (300)2 = 90,000. Hence the answer
is 77,300. In a great many cases the method of approximating the
answer as demonstrated above can be used to advantage.

The following rules for determining the position of the decimal
point in squaring a number will be helpful. Rule 1 refers to numbers
greater than 1, Rule 2 to numbers less than 1.

Rule 1. Squaring a number greater than 1.  Let n denote the num-
ber of digits to the left of the decimal point. If the number to be squared
occurs on Sql, the square of the number will contain (2n-1) digits to
the left of the decimal point. If the number oceurs on Sq2, the square
will contain 2n digits to the left of the decimal point.

In Rule 2, for numbers less than 1, the zeros between the decimal
point and the first non-zero digit are called significant zeros.

Rule 2. Squaring a number less than 1. Let m denote the number
of significant zeros. If the number to be squared occurs on Sql, the
square of the number will contain (2m + 1) signaficant zeros. If the
number occurs on Sq2, the square will contain Zm significant zeros.

These rules are visually summarized in Fig. 13.

Numbers less than 1
with m significant zeros

Numbers greater than 1
with = digits left of decimal point

Sql a ¢
S92 | b { ¢
D & b? ¢t g
(2n — 1) digits 2n digits (2m + 1) 2m
left of decimal left of decimal significant significant
point point Zeros Zeros
FiG. 13.

- T
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Example 1. Find (260)°.
Solution. Push hairline to 26 on Sqf,

under hairline read 67,600 on D,

Note that the given number occurs on Sgf and contains three
digits to the left of the decimal point. Hence n = 3 and (2n-1) = 5.
Therefore the square must contain five digits to the left of the decimal
point.

Example 2. Find (0.0610)%

Solution. Push hairline to 61 on Sg2,

under hairline read 0.00372 on D,
Note that the given number is less than 1, contains one significant
zero, and occurs on Sg2. Hence m = 1, 2m = 2 and the sgquare must
econtain two significant zeros.

26. Area of a circle.® The area of a circle may be conveniently
found when its radius is known by using the square scales in con-
junetion with the DF scale. The formula for the area A of a ecircle
in terms of its radius r is 4 = #r®. Recalling that each number on
DF is 7 times its opposite on D, to find the area of a circle it is only
necessary to

push hairline to radius on an Sg scale,
under hairline on DF read the area of the circle,

Example. Find the area of a circle of 8.7 ft. radius.

In acecord with the above setting,
push hairline to 87 on S¢2,
under hairline read 238 on DF,

Therefore the area is 238 sq. ft.
accord with Rule 1 above.

Solution.

The decimal point was placed in

Engineers generally use the formula for the area A of a cirele in
terms of its diameter d, namely

‘The following example covers this case:

Example. Find the area of a cirele having 3.61 in, diameter.

* Boe Appendix A for an explanation of the use of thtﬁi locating mark as a quick method of inding
Mireas of circles when diameter is given.
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Solution. The formula for the area A of a cirele, adapted to the
m(3.61)"

-. Hence

given data, yields 4 =

push hairline to 361 on S¢2,

draw 4 of € under hairline,
interchange the indexes,

opposite = on CF read 10.24 on DF.

EXERCISES

1. Use the slide rule to find the square of each of the following numbers:
95,32, 61, 75, 80, 733, 452, 2.08, 1.753, 0.334, 0.00356, 0,953, 5270, 4.73 > 105
2. Find the area of & circle having raditis (¢) 3.46 ft. () 0.0436 ft. (¢) 17.53 ft.
(1) 8650 ft.
3. Find the area of a eivele having digmeter(a) 2.75 (6. (b) 66.8ft. (e)0.7563 tt.
(d) 1.876 ft.

27. Evaluation of simple expressions involving squares.  When
the hairline is set to a number on a square scale, its square is auto-
matically read under the hairline on the D scale. Consequently many
expressions involving squares can be evaluated conveniently. Thus

(24.6)* X (0.785)

4.39
push hairline to 246 on Sqi,
draw 439 of (' under the hairline,
push hairline fo 785 on CF,
under hairline read 108.0 on DF.

to find 2 =

EXERCISES
S 2.56 % 4.86
" 1814 (1.365)2
;').l_ii(?.-igle 5 (2.60)?
79 T 217 X728
v , . . 2,17 (2.7)%
3 6.76  Hint: first find ’_ (&) and then find its reciproeal.
1 - N )
2-,! i (2.‘ )2 2

* In dealing with epmbinations of very large numbers or very small nunibers it is advizable to

1‘|:-r£-1 the ]Elwen\—nf-rnu notations in placing the decimal point. Article 67 indicates the method
0 De tsed.

)
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28. Scales A and B; square roots.™ The square root of a given
number is a number whose square is the given number. Thus the
square root of 4 is 2 and the square raot of 9 is 3, or, using the symbol
for square root, v/4 = 2, and v/9 = 3.

Seales A and B will be referred to as the square root scales.

Seale A consists of two parts which differ only in slight details.
We shall refer to the left hand part as A left and to the right hand part
as A right. Similar reference will be made to the B scale. Secale A
is on the body. Scale B is on the slide. In all other respects the
two scales ave identical.

The A scale is so designed that when the hairline is set to a num ber
on the A scale the square root of the number is on scale D under

the hairline. Hence:

Rule. To find the square rool of a number between | and 10 push
the hairline to the number on A left and read its square root under the
hairline on scale D. To find the square root of a number between 10
and 100 push the hairline to the number on A right and read its square
root under the hairline on scale D. In either case place the decimal
point in the square root afier the first digit.

This statement also applies if A and D are replaced by B and C
respectively; i.e., a square root may be determined by using the
A and D scales on the body, or the B and € scales on the slide.

As an illustration of the above statement consider the following:

To find the square root of 9.00,
push hairline to 9 on A left,
under hairline read 3.00 on D.

To find the square root of 16.00,
push hairline to 16 on A right,
under hairline read 4.00 on D.

* Spe Appendix A for the use of v and E marks on-4 and B seales.
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When a number is outside the range from 1 to 100, its square roof
can still be found on the slide rule by using the following fact: moving
the decimal point two places in a number results in moving the decimal
point one place in the square root of the number. Hence:

Rule. To oblain the square root of any number outside the range
of 1 to 100, move the decimal point an even number of places to obtain
a number between 1 and 100, find the square root of this latter number,
then move the decimal point in this square root one half as many places
as it was moved in the original number but in the opposite direction.

Example 1. TFind /432,

Solution. Move the decimal point two places to the left to ob-
tain /4,32, and
push hairline to 432 on A left,
under hairline read 208 on D.

Therefore /4,32 is 2.08. Finally, sinee the decimal point was moved
two places to the left in the original number, move the decimal point
in this last resulf one place to the right to obtain the answer 20.8.

Example 2. Find +/0.432.

Solution. Move the decimal point two places to the right to ob-
tain v/43.2, and
push hairline to 432 on A right,
under hairline read 658 on D,

Therefore 1/43.2 = 6.58; finally move the decimal point in this last
result one place to the left to obtain the answer 0.638.

EXERCISES

1. Find the square root of each of the following numbers: 8, 12, 17, 89, 8.90,
800, 0.89, 7280, 0.0635, 0.0000635, 63,500, 100,000.

2. Find the length of the side of a square whose area is (¢) 53,500 ft.2; (5) 0.0776
ft?; () 3.27 X 107662

3. Find the diameter of a circle having area (a) 256 f£.2; (b) 0.773 ft.%
(¢) 1950 ft.*
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29. Combined operations involving square roois. The principles
explained in §§12 and 21 may be applied to evaluate a fraction con-
taining indicated square roots as well as numbers and reeiprocals of
numbers. If the reader will recall that when the hairline is set to a
numbet on the C'T seale it is automatieally set to the reciprocal of the
number on the € scale and when set to a number on the B scale it is
'automatically set to the square root of the number on the € seale, he
will easily understand that the method used in this article is essentially
the same as that used in §21. The principle of determining whether
B left or B right should be used is the same whether we are merely ex-
fracting the square root of a number or whether the square root is
involved with other numbers.

915 X V36.5

804

Solution. Remembering that the hairline is automatically set to
\/36.5 on the C seale when it is set to 36.5 on B right, use the rule of
§12 and

Example 1. Evaluate

push hairline to 915 on D,

draw 804 of the C scale under the hairline,
push hairline to 365 on B right,

under hairline read 6.88 on D.

V832 X V365 X 1863

(1/736) X 89,400
Solution. Before making the sefting indicated in this selution,
read the italicized rale in §21.
1 Push hairline to 832 on A left,
draw 736 of C'T under the hairline,
push hairline to 365 on B left,
draw 894 of €' under the hairline,
push hairline to 1863 on CF,
under hairline read 8450 on DF.
(30) (18) (2000) (700)

Example 2. Evaluate

To get an approximate value write 90,000 = 8400.
5 g e 00 K 652 X /2350 X v/5.53
xample 3. valuate .
i 785 /1288

Write the expression in the form

Solution.
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0.286 X V2350 X v/5.53 X 1 The K scale is on the body. It is divided into three equal and
(1/652 x 785 X /1288 i identical sections. We shall refer to the left hand section, the middle
Push hairline $0/286 on D, section, and the right hand section as K left, K middle and K right

. ; ectively.
draw 652 of C'I under the hairline, g i
push hairline to 235 on B right, The K scale is so constructed that when the hairline is set to a

draw 785 of ' under the hairline, number on the K scale the cube root of the number is on the D scale

push hairline to 553 on B left, at the hairline.

draw 1288 of B right under hairline, |
opposite the index of €, read 0.755 on D.

Rule. To find the cube root of a number between 1 and 10, set the
hairline to the number on K lefl and read its cube root al the hairline on

As an approximate value use w = Dol D. To find the cube root of @ number between 10 and 100, set the hairline
800(30) 1o the number on. K middle and read ils cube root at the hairline on D.
The cube root of a number between 100 and 1000 is found on the D scale
EXERCISES opposite the number on K right.
In each of these three cases the decimal point is placed after the
SE o first digit.
1. 42.2v/0.328. 7.87 X V377 ¢ , :
. 2. 1.83V00517. Bt As an illustration of the above statement consider the following:
|| 3. V3128 5 0.212. 86 % VL To find the cube root of 27,
| 4. ~/BL.7 = 103, 12. L"%H_ push hairline to 27 on K middle,
i 775 X 0.685 Sor iriine rendi 3 oniD)
‘ l I 5. 0.763 = V0.0296. under hairline read 3 on D.
| 5 V21T 13, 426 X V63D X VTT5 To find the cube root of 343,
I‘ | 5.34 X V702 0200 i i push hairline to 343 on K right,
; e = der hairline read 7 on D.
J‘ 7. Lﬁ_ 1, 189.7 X v’ﬂ.ﬁﬂ?ﬁﬂ_ﬁ_x V34T X 0.274 under harine r on
| 5.34 V3.6 V285 % 165 X = When a number is outside the range from 1 to 1000, its eube root

1l
‘ 8. 14.3 % 47.5v0.344. can be found on the slide rule by making use of the following fact:

1 SR o A —— ==
| 9. 20.6 % V789 X VOFT. 15. V285 X 667 X V6.65 X 78.4 X +/0.00449, moving the decimal point three places in & number results in moving
the decimal point one place in the cube root of the number. Hence:

|
‘ 1o, 192 VT8 16, 259 X VOBTT X 874 X 045 X 7
‘ VOBTT 84.3 X V9350 X V28400 Rule. To oblain the cube root of a number outside the range from
| 1 to 1000, move the decimal point three places al a time until a number
i 30. K : . = between 1 and 1000 is obtained. Find the cube root of this latter number,
il . K scale; cube roots. The cube of a number is the result of then move the decimal point in the cube root one third as many places

ten'3%) is 8 X3 X 3 =

‘ I using the number three times as a factor. Thus the cube of 3 (vrit- as 4t was moved in the original number but in the opposite direclion.
- 3 Rt
‘ The cube root of a given number is a number whose cube is the Example 1. Find V/23,400,000.

{:;,VSH e 3T,—h"}s th‘.j cube; 1.00?' of 27 (written ¥/27) is 3, since Solution. Move the decimal point 6 places to the left, thus ob-
e A S taining 23.4. Since this is between 1 and 1000,
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push hairline to 23.4 on K middle,

under hairline read on D, 2.86 = /334,
move the decimal point ¥/3 (6) = 2 places to
the right to obtain the answer, 286.

The decimal point could have been placed by observing that
V27,000,000 = 300.

Example 2. Find v/0.000585.

Solution. Move the decimal point 6 places to the right to obtain
+/585, & number between 1 and 1000, and |
push hairline to 585 on K right,
under hairline read on D, 8.36 = /585,
move the decimal point 13 (6) = 2 places to
left to obtain the answer, 0.0836.

EXERCISES

Find the cube root of each of the followin
g numbers: 8.72, 30, 72 7l
0.00763, 0.0763, 0.763, 89,600, 0.625, 75 X 107, 10, 100, 100,000. g

31. Cubes, using K scale. By interchanging the roles of the K and D
scales in the operations performed in the preceding article for finding
cube roots, we may find the cubes of numbers using scales K and D,
In this eonnection the following rule may be found helpful.

Rule. To find the %w-be of a number, set the hairline to the number on
the D scale, and read its eube on the K scale at the hairline.

To convince himself of this, the reader should set the hairline to 2
on D and read 2° = 8 at the hairline on K; set the hairline to 3 on D
and read 3° = 27 at the hairline on K, etc. To find 21.7%. set the
hairline to 217 on D and read 102 on K. Since 20% — 8’00[} the

answer is near 8000, Hence we write 10,200 as the answer. To obtam
this answer otherwise, write :

21.7 X 21.7
217" = ——— =10
G ,220
and use the general method of combined operations. This latter
method is more accurate as it is carried out on the full length seales.
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EXERCISES

1. Cube each of the following numbers by using the K scale and also by using
{he method of eombined operations: 2.1, 3.2, 62, 75, 89, 733, 0.452, 3.08, 1.753,
0.0334, 0.943, 5270, 3.85 X 10°%

2. How many gallons will a eubical tank hold that measures 26 inches in depth?

(1 gal. = 231 cu. in.)

32. Additional use of the square root scales A and B. Squaring
‘a number is the inverse operation fo extracting its square root. It is
not surprising therefore to find that squares can be obtained using the
square root seales 4 and B. In this connection the following rule will

be found useful.

~ Rule. To find the square of a number using scales A and D, sel the
Rairline to the number on scale D, and under the hairline read on scale A
the square of the number. Smularly, to find the square of a number using
scales B and C, set the hairline to the number on scale C' and under the
hairline read on scale B the square of the number.
To gain familiarity with this use of seales A and B make the follow-
Ing settings:
To find 3%
push hairline to 3 on D,
under hairline read 9 on A,
To find 42,
push hairline to 4 on D,
under hairline read 16 on 4, or

push hairline to 4 on C,
under hairline read 16 on B.

Moreover, since scales 4 and B are identical scales, with scale A

" being on the body and scale B being on the slide, they can be used to

multiply and divide numbers, just as scales C and D are used. Squares
of numbers may be multiplied and divided using scales A and B in
combined operations by noting that when an operation of multiplica-
tion and division of numbers is being performed on scales D and C, the
‘same multiplication and division of their squares is automatically
being performed on scales A and B.
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(3.7)% (8.51) (9.61)
(7.32)* 32.8
Solution. Divide 3.7 by 7.32 using scales €' and D. By doing this,
(3.7)% divided by (7.32)* was automatically obtained on scales A and

B. From then on continue the multiplication and division using scales
A and B as fundamental seales. The setting is as follows:

Example. Evaluate z =

push hairline to 37 on D,

draw 732 of C to the hairline,
push hairline to 851 on B left,
draw 328 of B right to the hairline,
push hairline to 961 on B left,
under hairline read 0.637 on A.

The position of the decimal point was determined from the ap-
proximation:

£2%9%9 16X 9X9 9
230 | 49 x 30 | PPIOR g
EXERCISES

2.56 X 4.86

© T (1.365)F °

, 566 X (7.48)? 20.6 X (7.88)% X (6.79)
79 : ’ (467)* X 281

6.76 . o
e Hint: divide 6.76 by 2.17 using scales 4 and B A
3. 217 (27)* the result by (2.7)* using scaleg(,')'.u B w et divids

. (2.38)2 X 19.7
7 18.14

33. Further use of the square scales Sq1 and Sg2. Square roots of
numbers can be obtained by using the square scales S and S¢2 in
an inverse operation.

For cases in which it is required to find the values of square roots
independent of combined operations, seales Sqf and S¢2 can be used
to some advantage as a table of square roots, since the unit of measure
of these seales is four times that of scales 4 and B.

The rule for finding square roots by means of the square scales
Sql and Sg¢2 is here set forth:
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Rule. To find the square root of a number by means of the square

scales Sql and Sq2:
For @ number between 1 and 10,
push hairline to the number on scale D,
under hairline read the square root on Sqi.

For a number between 10 and 100,
push hairline to the number on scale D,
under hairline read the square root on Sq2.

For example, to find V9,

push hairline to 9 on D,

under hairline read 3 on Sgi.
To find /25,

push hairline to 25 on D,

under hairline read 5 on S¢2.

To find the square root of any number outside the 1-to-100 range,
move the decimal point as explained in §28.

The following is a useful rule for determining whether to use scale
Sq1 or S¢2 when finding the square root of any numbher:

Rule. To find the square root of a number greater than 1 use Sql
when it contains an odd nwmber of digits to the left of the decimal point;
otherwise use Sq2.

For a number less than 1 use Sql if the number of zeros immediately
following the decimal point is odd; otherwise use Sg¢2.

Example. Find the square root of 24,300.

Solution. 24,300 has 5 digits to the left of the decimal point.
‘Hence its square root must be read on scale Sql. Accordingly,
push hairline to 243 on D,
under hairline read 156.0 on Sqi.
The position of the decimal point was determined by methods ex-
plained in §28.

EXERCISES

1. Find the square root of each of the following numbers: 64, 169, 91, 67.3,
4760, 476, 0.0721, 0.00764.
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2, Find the radius of a circle having area (a) 42 sq. ft. (b) 167 sq. ft. (¢) 83
sq. ft. (d) 192 sq. ft. () 456 sq. ft.

34. Combined operations. By setting the hairline to numbers on
various seales we may set square roots, cube roots, and reciprocals of
numbers on the D scale or on the (' seale. Hence we can use the slide
rule to evaluate expressions involving such quantities, and we can
solve proportions involving them. The position of the decimal point is
determined by an approximate calculation. When no confusion re-
sults, the student should always think of & combined operations
problem as a series of multiplications and divisions, reserving the
proportion prineiple for use in cases of doubt. The first two examples
below are solved by the proportion principle, whereas Example 3 is
considered as a series of multiplications and divisions.

Example 1. Find the value of o

Solution. We may think of t}us as a division or as the proportion
. V385 .
— = ——, and then
1 2.26
push hairline to 385 on K right,
draw 236 of € under the hairline,

opposite index of €, read 3.08 on D.
5.37 v/0.0835
V525
Solution. Equating the given expression to & and applying Rule

(B) §17 we write
¢  V0.0835
537 E2E
This proportion suggests the following sebting:

push hairline to 835 on K maiddle,
draw 525 of B right under the hairline,
push hairline to 537 on (,

under hairline read 0.324 on D,

(1.736) (6.45) V/8590 V581
V278

Example 2. Find the value of

Example 3. Evaluate
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Solution. By using Rule (C) of §20, write the given expression in

the form .
v/581 (6.45) v/8500
(1/1.736) /378
Push hairline to 581 on K right,
draw 1736 of CI under the hairline,
push hairline to 645 on C,
draw 278 of B right under the hairiine,
push hairline to 8590 on B right,
under hairline read 1643 on D.
EXERCISES
1. v/7as (0.523). v32.1 (0.0585)T
2. 24.3 V506617 Gi/eea)
= 3.57 X Vi3 X 4250
3. 489 + /732 15, X V643
. - 0.0346 /00752
4, 277 <+ V/B61,000.
e ic V/0.00335 V273
. VB3l + VR4 e
f oo~ vienono 0.0872 X 36.8 X V355
7. (72.3)F X 8.25. b i
7(0.213 -
a E)gg] r) - 18. 76.2 V56,1 V/Z7T (1/3.78).
/1022 i /1,735
% 718y x 0.122° " 0.0276 /55300 X 7.63 X 0.476°
V740 20, 887 V3160 v0.0817 X 893
& 76 % v ' 17.6 X 277
11. 3.83 X 626 X V53 - . /00645 X 1834 X /316
12. 0.437 X V568 X VI.86. T 896 X 748 X /3460
13. 6756 X V0346 X V0.00711. 22. V(27.5)F — (3.483)°

23. The maximum time F in hours that an airplane will remain aloft may be
approximated by
700 N~/ L/D)

E= Ci’c '\/_a '\/—)
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where the letters represent certain quantities for an airplane. Compute £ if
w = 21500, Vo = 190, N = 0.85, ¢ = 0465, L/D = 20.0, wy = 19100, wy =
24000.

Hint:
push hairline to 750 on D,
draw 190 of ' under the hairline,
push hairline to 215 on B left,
draw 465 of C under the hairline,
push hairline to 0.85 on CF,
draw 20 of CIF under the hairline,
push hairline to 1 on C,
draw 191 of B le¢ft under the hairline,

opposite index of €, read on D 153.1 = F,
draw 24 of B left under the hairline,
opposite index of C, read on D 136.6 = F,

and subtract F; from F; to get 16.5 hours.

35. Visuvdal summary.

9 of S9* 52 (|:l / 7
Square of a number: © = a® / )
|

1. AtaonS¢l or Sg2read a®on D; or ol Db Lz <

o
of_a il g
B o
2. ataon D (C)read a?on A (B). c /8 {
gl @ D P r{ g
2)

oo

2. st aon A (B) read +/a on D ().

Square root of a number:x = \/a. ° o] % sqz Jﬁ//
1. At aon D read /@ on Sqi or Sq2; o ] .
o o D a
{
L

OO o>

h B
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Areaof acirele: 2 = wrt = 1 d.

1. Aty on S¢l (8¢2) read mrton DI,

N e U Y

1. To d on D set slide index,

o™
2. at?—; on B read 7 d*on A.

==
o oo
U“ o=

e P

Cube or cube root of a number:

2z = a*orx = /0.

o ==
o o o
b w |

1. At a on D read a® on K,

St
-G

e |

2. at a on K read v/a on D.

Squares and square roots in com- 54

‘bined operation:

= |
o 0O o

L

a* Vb

=
Ve Vi

1. To a on Sq! (Sq2) set c on B,

2. push hairline to b on B,

o =
o o0
W

[45]

. draw d of B under hairline,

o

4, af slide index read z on D,

e
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CHAPTER IV
TRIGONOMETRIC SCALES

36. Introduction. Three scales on the DECI-LON slide rule—the
S, SRT, and T scales—are used in dealing with trigonometrie func-
tions such as sines, cosines, and tangents. These scales can be used for
finding the tabular values of such functions, or for performing ealcu-
lations in which they appear.

The trigonometrie functions are eapable of deseribing phenomena
of a periodie nature, such as the to-and-fro motion of a pendulum or
the undulating motion of waves. Consequently, they play an im-
portant part in the theaories of light and sound, in electricity, in wave
analysis, and in all investigations of vibratory and oscillatory phe-
nomena.

This chapter explains how to use the slide rule for determining the
tabular values of trigonometrie functions, and how to perform com-
putations using these functions purely as numbers, as in equations
of oscillatory phenomena. The next chapter tells how to use the
trigonometrie seales in the solution of triangles.

An explanation of the mathematical principles underlying the
design of the trigonometrie scales appears in Chapter VII, §89.

37. Some important formulas from plane ftrigonometry. The
following formulas from plane trigonometry, given for the con-
venience of the student, will be employed in the slide rule solution of
trigonometric problems considered in this and
the following chapter.

In the right triangle ABC of Fig. 14, the 2
side opposite the angle A is designated by a, c "
the side opposite B by b, and the hypotenuse a

by ¢. Referring to this figure, we write the

following definitions and relations: Fia. 14.

Definitions of the sine, cosine, and tangent:
. . ] a  opposite side
gine A (writtensin ) =—-= ———,
c hypotenuse

52
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| . b adjacent side
cosine A (written cos 4) = — = —, (2)
c hypotenuse
| a  opposite side
tangent A (written tan 4) = - = ———. (3)
b  adjacent side
Reciprocal relations:
e 1
cosecant A (written ese 4) = — = — 3 (4)
a =&in A
: c 1 5
secant A (written seec 4) = — = s (5)
b cos A
y b 1
cotangent A (written cot 4) = — = . (6)
a tan A
Relations between complementary angles:
gsin A = cos (90° — A), (7)
cos A = sin (90° — A), (8)
tan A = cot (90° — A), (9)
cot 4 = tan (90> — A4). (10)
Relations between supplementary angles:
sin (180° — A4) = sin 4, (11)
cos (180° — A) = — cos A, (12)
tan (180° — 4) = — tan A. (13)
Relations between angles in a right triangle:
4 + B = 90° (14)

38. The S (Sine) and SRT (Sine, Radian, Tangent) scales. The
graduations on the sine scales S and SRT represent angles. Accord-
mngly, for convenience, we shall speak of pushing the hairline to an
angle or drawing an angle under the hairline.

The S scale serves a double function. When read from left to
tight, using the black numbers, it covers the angles from 5.5° to 907,
and is used for finding sines. When read from right to left, using
‘the red numbers, it covers the angles from 0° fo 84.5°% and is used

dor finding cosines. The sine scale is the predominant scale. In
‘What follows, any reference to an angle on a trigonometric scale will
'be the angle in black unless otherwise indicated.

The SRT scale covers the angles from 0.55° to 6°, and is used for
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finding sines, radian equivalents, and tangents of these small angles.
This article deals primarily with sines; the use of the SRT scale for
radians and tangents is covered in §40 and §41.

Note that the S and SRT scales are essentially one continuous

scale (with a slight overlap), read against two continuous cyeles of
the (' seale. TFig. 15 represents this relationship.

SRT Scale S Scale
o o (-] Q' o o o (-3 09 (-]
O o S T
i e e A i ¢ 3y hoere
C Scale C Scale
g 15,

In order to set the hairline fo an angle on the S seale, it is neces-
sary to determine the values of the angles represented by the sub-
divisions. Since there are ten primary intervals between 87 and 9°
each represents 0.1°; since each of the primary intervals is subdivided
into two secondary intervals each of the latter represents 0.05°
Again since there are five primary intervals between 20° and 25°
each represents 1°; since each primary interval here is subdivided
into five secondary intervals each of the latter represents 0.2°, The
last mark at the right end represents 90°% the next mark to the left
85° and the third 80°,

Rule.* When the hairline is set to an angle on the S or the SRT scale,
the sine of the angle is on scale C at the hairline, and hence on seale D
when the rule is elosed. Also when the hairline 1s sel to an angle on the
cosine scale (S red) the cosine of the angle is on scale C at the hairline.

Fach small inseription at the right end of a scale is called the
legend of the seale. A legend of a scale specifies a range of values
associated with the function represented by the scale. Thus the
legend 0.1 to 1.0 of scale S spectfies that the sines of the angles on S and
the cosines of angles on S red range from 0.1 to 1, and the legend 0.01
to 0.1 of the SRT scale indicates that sines (or radian equivalents and
tangents) of angles on SRT range from 0.01 to 0.1.

On the DECI-LON slide rule, the S, SRT, and 7'scales are extended
slightly beyond the left hand index of the slide, primarily for conveni-
ence in reading angles near this end of the scale. The positions of
the trigonometrie secales opposite the left and right indexes of the

#*Bee Appendix A for explanation of the * and * marks for finding sines of angles expressed in
minutes or seconds.

h. @
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¢! seale will be referred to as the left and right indexes of these scales.
When referring to angles on each of these scales, we will mean the
angles between the indexes.

(b) sin 3.40°.

Opposite 36.4° on S,

read 593 on C (or D when rule is closed).

Example. Evaluate (a) sin 36.4°,

Selution. (a)

To loeate the decimal point, we note that the legend on the S
seale indicates that resulting values must lie between 0.1 and 1.0.
Hence the answer is 0.593.

Solution. (b) Opposite 3.40° on SRT,

read 593 on C.

To locate the decimal point, we observe that the legend on the
SRT scale establishes values as lying between 0.01 and 0.1. There-
fore the final answer is 0.0593.

; ol e o) W
sRT f 0,262 Fon% 2.2 4.82 ~/{
we ; iy
! wLy a
5 1 a.35" | l:A‘E 18,3° z8.6° B8 :Iﬁ i/l.o
i L | 1] i
s | S Al vzl !
et ~ -8 = = P g @ s W@
- LD o4 0 L] ” - IQ ﬁ‘ o U;d“
= g a8 & ! & oo 2 e
Fia. 16,

Tfig. 16 shows scales SRT, S, and D on which certain angles and
their sines are indicated. As an exercise close your slide rule and read
the sines of the angles shown in the fizure and compare your results
with those given. Note that the values of sines appearing in Fig. 16
conform with the corresponding legends.

Bach angle on S red is 90° minus the corresponding angle on S
‘black. Also, equations (7) and (8) §37 are

sin A = cos (90° — A), cos A = sin (90° — A4).
Hence, when the hairline is set to an angle 4 on S, it is set to sin A4
and to cos (90° — A) on scale C. For example

set the hairline to 25° on S,

at the hairline read on C 0.423 = sin 25° = cos 65°,
To find the cosine of an angle greater than 84.5°, use cos A = sin
(90° — A). Thus to find cosine 86.9°, write cosine 86.9° = sin 3.1°
and opposite 3.1° on SRT read on C 0,0541 = sin 8.1° = cos 86.9°.
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The following is a tabular summary of the rules for finding the
ralues of sines and cosines:
SINES

Use SRT scale; values will lie between 0.01
and 0.10.

Use S seale, black numbers, reading left to right;
values will lie between 0.1 and 1.0.

COSINES
Use S scale, red numbers, reading right to left;
values will lie between 0.1 and 1.0.

Use SRT scale to find the sine of 90° minus the
angle; values will lie between 0.01 and 0.10.

Angles from 0.573° to 5.73%:

Angles from 5.73° to 90%:

Angles from 0° to 84.25%:

Angles from 84.25° to 89.427°%:

EXERCISES

1. By examination of the slide rule verify that on the S scale from the left
index to 10° the smallest subdivision represents 0.05% from 10° to 207 it rep-
resents 0.1%; from 20° to 30° it represents 0.2°; from 30° to 60° it represents
0.5% from 60° to 80° it represents 1°; and from 80° to 90° it represents ot

2. Find the sine of each of the following angles:
(a) 30° (b) 38° (¢) 3.33°. (d) 90°,
(f) 1.583°. (g) 14.63°,  (h) 22.4° () 11.80°

3. Find the cosine of each of the angles in Exercise 2.

(¢) 88°.
(7) 51.5%

4, Tind = in each equation:

(a) sin x = 0.5. (d) sin 2 = 0.1, (g) sin z = 0.062.

(b) sin z = 0.875. (e) sin z = 0.015. (k) sin z = 0.031.

(c) sinz = 0.375. {f) sin z = 0.62. (%) sin x = 0.92
5. Find 2 in each equstion:

(a) cos z = 0.5, (d) cos z =0.1, (g) cosz = 0.062.

(B) cosz = 0.875. (e) cos z = 0.015. (h) cosx = 0.031.

{c) cos z = 0.375. (f) cosz = 0.62, (¢) cosz = 0.92.

39. Simple operations involving the S and SRT scales. If the

reader will reflect that when the hairline is set to an angle A on scale
S, it is also set to sin A on C, he can easily see that sines and cosines
of angles can be used in combined operations and proportions by
means of the S and SRT scales just as square roots and reciproeals
were used in Chapter IIT by means of the B scale and the CI scale.
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| Thus to find 8 sin 40°,

opposite 8 on D set index of C,
opposite 40% on S read 5.14 on D.

The decimal point was placed after observing on the slide rule
that sin 40° is approximately 0.6 and therefore that 8 sin 40° is
“gpproximately 8 X 0.6 = 4.8. The legend of the S scale 0.1 to 1.0
“indicates that the approximate value of sin 40° is 0.6, a value between
0.1 and 1.0.

To find 8/cos 40°,

opposite 8 on D set 40° of S red,
opposite index of slide read 10.44 on D,

Here the decimal point was placed after observing on the slide
rule that cos 40° is nearly 0.8 and therefore that 8/cos 407 is nearly
equal to 8/0.8 = 10, Here again the legend 0.1 to 1.0 of S indicates

: that cos 40° is between 0.1 and 1.0.

The following examples illustrate the use of proportions involving
trigonometric functions:

sin 36° _ sin 4

Example 1. Find A if 20 !
. 270 320

36° A

») |

N .- (= S 3Rr||||' I?F 5|0 | !9E0 \

leelp { JTTTTTITETT ] 5 6 I T S (|

270 320
F1e. 17.

Solution (see Fig. 17).
Hence write

Here both parts in the first ratio are known.

S sin36° sinAd
= = , and
D 270 320
opposite 270 on D set 36° of S,
push hairline to 320 on D,
at hairline read 44.2° on S.
250 330 T

Example 2. Find A and @ if — = — = !
sin 32° sgn A cos 807




58 IV. TRIGONOMETRIC SCALES §39
Write
D 250

S §in32° sinA  cos80°’
opposite 250 on D set 32° of S,
push hairline to 330 on D,
at hairline read 44.40° on S,
interchange indexes of slide,
push hairline to 80° on S red,
at hairline read 81.9 on D.

Solution.
330 T

Here the decimal point was located by noting that sin 32° = 0.5 ap-
prox. and cos 80° = 0.17 approx. Hence

250 X 0.17 approx.
r =

= 80 approx.
0.5 approx.
3
Example 3. Find @ if sin § = =
Solution. Write the given equation in the form
S sin® 1 (= sin90%,
B 5 5
set right index of slide opposite 5 on D,
opposite 3 on D read 36.97 on S.

2
Example 4. Find 8 if cos 8 = =

Solution. Write the given equation in the form
8 cosf 1(= gin 90%) .
D 2 3
set right index of slide opposite 3 on D,
opposite 2 on D read 48.2° on S red.

EXERCISES

1. Tn each of the following proportions find the unknowns:

. ; e . a e
sin 50.4° sin 422 sin @ gin 25° _ sin 4_0_ _sin 70

(@ —3 & B © =% 2 P
sin § sin35°  sin 60.5° @ sin §  sing 1'.“ 12.92°
®) 305~ "z 328 Y156 256 40.7

)

§40 .

(b) 12 sin 60°,

(@) 15/sin 20°,
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2. Find the value of each of the following:
(@) 5 sin 30° (e) 28 cos 25°,
(f) 35 ese 52.3%
(g) 17 sec 16°.
() 55 sin 187,
3, Find the value of 0 in each of the following:

307 sin 42.5°

(c) 22/sin 30°.

433 sin 18.17°

(a) sin 6 = 5030 (c) sinf = 1

413 sin 77.7° 156 sin 12.92°
Rojising =——————. d) sin § = ———
£« 488 fRem 407

4, T'ind the value of z in each of the following-
179.5 sin (5.42° 123.4 sin 8.20°

B - s 2=
! 3.27 sin 737 375 sin 18.67°
e = = T g § IRt
( i sin 2.22° () cos 62.7°
5. Pind the value of # in each of the following:
) 4 gin 35° — 5.4 sin 17° )z 18 sin 52.5° — 23.4 cos 42.2°
@)% = ~ 7 . ez = 5 :
Vi s 47° sin 22° sin 63°
" 8 — 6 gin 70° (27.7 sin 39.2°)*— 16 cos 12.67°
e = —————— e e e e
sin 87° — 0.21 46.2 sin 10.17°+32.1 sin 17.27°

40. The T (Tangenf) scale. The black numbers on the 7 secale
represent angles from 5.5° to 45°, the red numbers represent angles
from 45° to 84.5°.

(The T seale has been extended slightly beyond the left hand index
of the slide, primarily for eonvenience in reading angles near this end
of the scale. Values lying within the indexes of the slide, to which
the rules given in this article apply, are {rom 5.71° to 45° on T' black,
and from 45° to 84.29% on T red.)

Rule. When the hairline is set to an angle A on T black, tan A
18 al the hairline on scale C, and hence on scale D when the rule is closed,
when the hairline 4s set to an angle A on T red, tan A 18 at the hairline
an CT (or on DI when rule is closed).

Bince tan 5.71° = 0.1, tan 45° =1, tan 84.29° = 10,

the range of values on scale € for tangents of angles between 5.71°
and 45° is 0.1 to 1, and on seale C'I for tangents of angles between
45° and 84.29° is 1 o 10. The black legend 0.1 to 1.0 at the right
end of the T scale indicates that tangents read on C black are be-
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tween 0.1 and 1; the red legend 10.0 to 1.0 indieates that tangents
read on CI red are between 10 and 1. The general rule governing
the use of red and black numbers is given in the next article.

For example,
opposite 26° on 7' black, read 0.488 = tan 26° on C,
opposite 64° on T red, read 2.05 = tan 64° on C1.

The cotangent of an angle may be found by first using either of
the identities (6) and (10) §37, namely

cot A = 1/tan A, ecot A = tan (90° — 4)

to express the cotangent as the tangent of an angle and then using
the method outlined above. Thus to find cot 26°, write from (10)
cot 26° = tan (90° — 26°) = tan 64° and

opposite 64° on T, read 2.05 = cot 26° on CI,

or write from (6) eot 26° = 1/tan 26° and
opposite 26° on T, read 2.05 = cot 26° on C1.

To find cot 64°, write cot 64° = tan (90° — 64°) = tan 26° and
opposite 26° on T, read 0.488 = cot 64° on C.

In computing an expression involving the tangent of an angle
greater than 45° or any cotangent of an angle, it is advisable before
beginning the computation to replace the tangent or cotangent by
the tanegent of an angle less than 45°. Thus to evaluate 565 tan 56°
~ cot 42° we would first write

565 tan 56° 565 cot 34° 565 tan 42°

-——— —=-——— and
cot 42% \ cot 42° tan 34°

push the hairline to 565 on D,
draw 34° of T under the hairline,
push the hairline to 42° on 7|
at the hairline read 754 on D.

The decimal point was placed after making the mental approximation
600 X 0.9 = 0.6 = 900. The numbers 0.9 and 0.6 lie between 0.1
and 1.0, that is, within the range specified by the legend 0.1 to 1.0
of T.

It is shown in trigonometry that the sine and the tangent of an
angle less than 5.71° are so nearly equal that they may be considered
identical for slide rule purposes. Thus to find tan 2.25° and cot 2.25%,

)
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opposite 2.25° on SRT read on €, 0.0393 = tan 2.25°,
opposite 2.25° on SRT read on C1, 25.5 = 1/tan 2.25° =
cot 2.25°,

The operator should be careful in finding an angle greater than 45°

on the fangent seale from a ratio. Thus to find 4 where tan 4 = 56

it is essential that the setting be made as though tan (90°—A4) were
‘to be found. In this case

: B 0 Sl
tan (90° — A) = cot 4 = 1 tan. (90 4) i

or —

5.6 3.1 56

Hence
opposite 56 on D, set 1 (= tan 45°) of T,
opposite 31 on D, read 90° — A = 29° on T black,
or opposite 31 on D, read 4 = 61° on T red.
Note that the setiing must be made as though 90° — A, an angle less
than 45°, were to be found.

EXERCISES
1. F'ill out the following table:
¥ 8.1° 27.25° | 62.32° 1.017° | 74.25° 87° 47.47°
ban e
cot ¥
2. The following numbers are tangents of angles. Find the angles:
(a) 0.24. (d) 0.54, (g) 0.432, () 0.374. (m)17.01
(b) 0.785. (¢} 0.059. (h) 0.043. (k) 3.72. ('-n)) 1.03.
(e) 0.92. (f) 0.082. (2) 0.0149. (1) 4.67. (n) 1.232.

3. The numbers in Exercise 2 are cotangents of angles. Tind the angles.
4, Iind the angle » from each equation:

3.7 5.72 5

(a) tan z = — fane = —, & =—
88 (c) S (e) cot z 5
287 8.52 17.2

(b) tanz = — ., = ! =0
642 (d) tan z = -op (auoek & =—er

41iqR:dions; small angles.* A radian is an angular unit equal
80

'ﬁﬁ--(—_"), or 57.3° accurate to three figures. The SRT scale is a

m
% Q . oy T :
e See Appendix A for use of the “'R" locating mark for converting radians to degrees and vice
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¢ scale whose marks represent numbers of degrees ranging from
0.573° to 5.73° approximately. It is so designed that the following

rule holds:

Rule. When the hairline is set to an angle in degrees on the SRT
scale, it is also set to the same angle in radians on the O* scale, provided
the number on the C scale is prefized by “0.0" as indicated by the legend
0.01 to 0.1 at the end of the SRT scale.

For example, in aceordance with the rule,
push hairline to 3.56° on SRT,
at hairline read 621 on C.

Therefore 3.56° = 0.0621 radian.

Observe that if we multiply both members of the equation
3.56° = 0.0621 radian

by 10, 102, —, and E in succession, we get

(10) (3.aﬁ°)= (10) (0.0621), or 35.6° = 0,621 radian,
(100) (3.56°) = (100) (0.0621), or 356° = 6.21 radians,

1 1
( ) (3.56°) = (1 ) (0.0621), or 0.356° = 0.00621 radian,

( ) (3.56°) = ( ) (0.0621), or 0.0356° = 0.000621 radian.

In general for any integer k, positive or negative
105(3.56%) = 10%0.0621 radian.

Now using the rule in reverse,
push the hairline to 1176 on C,
at hairline read 0.674° on SRT),

and coneclude that
0.01176 radian = 0.674".

Multiplying this through by 10%

1.176 radians = 67.4°,
0.001176 radian = 0.0674°,
10k (0.01176) radians = 10% (0.674°).

—, and 10* in succession, we got
10

#0f course the D scale may be used instead of the € scale when the rule is closed.

)
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For angles 0 in radians, where 8 is less than 0.1 radian (or 5.73°), the
following relation holds

f radians = sin = tan 0, (15)
where the symbol “=" means “approwimately eguals”. In other
words, the value of an angle in radians found by means of the italicized
rule is also its sine and its tangent to slide rule accuracy.®

For example: .
push hairline to 3.84° on SRT,
at hairline read 670 on C.
Therefore, in accordance with the italicized rule,
sin 3.84° = {an 3.84° = (.0670,
and, in agreement with equation (15),
sin (.384° = tan 0.384° = 0.00670,
sin 0.0384° = tan 0.0384° = 0.000670, etc.

By using the relations of §37, the italicized rule above, and (15), we
can find the values of other trigonometrie functions of small angles.

Tor example:
cot 1.352° = 1/tan 1.352° = 1/sin 1.352° =
push hairline to 1.352° on SRT,
at hairline read on C, 0.0236 = sin 1.352°,
at hairline read on 7, 40.31 = cse 1.352° = cot 1.352°.
Also to find cos 88.76°, use (8) §37 to get
cos 88.76° = sin(90° — 88.76%) =
push hairline to 1.24% on SRT,
at hairline vead 0.0216 on €. Therefore
cos 88.76° = sin 1.24° = 0.0216.

ese 1.352°, Hence

sin 1.24°,

Then without moving the slide,

at hairline read 462 on C1

and conclude that

sec 88.76° = 1/cos 88.76° =~ 46.2,
tan 88.76° = 1/ecot 88.76° = 1/cos 88.76° =~ 46.2,

‘Before beginning the exercises, the student should use the slide rule,

the italicized rule of this section and (15) to verify the following

‘approximate equations:

% The greatest error inherent in formula (15) is at § =0.1 radian; it is nearly +0.0001 for sin

((L1% and —D0.00033 for tan 0.1.° These errors are comparable in magnitude with other errors oeeur-

‘ring in slide rule computation,
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(a) 1.272° = 0.0222 radian.
(b) 12.72° = 0.222 radian.
(¢) 0.0531 radian = 3.04°,
(d) 5:31 radians = 304°.
(e) sin 2.86° = 0.0499.

(f) sin 0.286° = 0.00499.
(g) tan0.286° = 0.00499.
(k) ese 0.286° = 200.
(1) cot 0.286° = 200.
(7) sec 87.25° = 20.8.

EXERCISES

1. Iixpress in radians:
(a) 1.416% (b) 0.833% (¢) 2.5°% (d) 2.67°

2. Ilxpress in degrees: _ )
(@) 001823 radian. (b) 0.0462 radian. (¢) 0.0865 radian.

3. Express in radians:
() 3.59° (b) 0.0359° (c) 85.9°% (d) 3597
4, Express in degrees:
(a) 0.0296 radian. (b) 0.296 radian. (c) 0.000296 radian.
5. Hxpress in radians:
(a) 912° (D) 4357 (e) 0.000314%. (d) 2000°.
. Find sin 3.42°, tan 3.42° csc 3.42°, cot 3.42°,
. Find sin 0.056°, tan 0,056°; ese 0.056°%, cot 0.056°.
. Find cos 89.75% sec 80.75°%, tun 89.75°; cot 89.75°
. Iixpress in degrees the following angles expressed in radians:

TN T = )

™ am s T i
= - — (d)—ii () —+
@ O3 g @ ©F i
Hint: Since 7 radians = 180°, replace 7 by 180°, However to change radians to
degrees 6

opposite 6 on DF set 5 of C,
opposite index of D read 15 on SRT, and
b /6 radians = 150 degrees.

10. Evaluate the following:

S ¢
(a) 83 sin 0.0144°, (d) 00001745 "
gin 0.3°
(b) 500 tan 0.0097°. @ =5 Tl
8 sac 88.25°
(c) 432 sin 0.716°. N—m

42. Other functions on the S and T scales. Because of the recip-
roeal relations (4), (5), and (6) of §37, the complementary relations
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(7), (8), (9) and (10) of §37, the fact that with each black number #
representing an angle on scales S and 7' is a red number representing
90°— n, and that the numbers on C1I are reciprocals of their opposites
on @, fum funections or angles muy be read at once when the hairline
&s set fo an angle on S or T'. To perceive this and a rather interesting
color relation, let (B) represent black and (R) represent red, and

push the hairline to 30° (B) or 60° (K) on S,

at the hairline read sin 30° (B) = 0.5 (B) on €,
at the hairline read cos 60° (R) = 0.5 (B) on C,
at the hairline read ese 30° (B) = 2 (R) on C1,
at the hairline read see 60° (R) = 2 (R) on CI.

‘Again push the hairline to 35° (B) or 55° (R) on 7,

at the hairline read tan 35° (B) = 0.700 (B) on C,
at the hairline read eot 55° (E) = 0.700 (B) on C,
at the hairline read cot 35° (B) = 1.428 (R) on CI,
at the hairline read tan 55° (E) = 1.428 (R) on (1.

These two illustrations indicate that whenever the value of a direct func-
ton (sin, tan, sec) is read, the colors of the angle and its function are the
‘samie; whenever the value of a co-function (cos, cot, ese) is read, the colors
‘of the angle and ils function are different. In other words: direct func-
\tions (sin, tan, sec) are read on like colors (black to black, or red to red):
co-functions (cos, cot, cse) are read on opposite colors (black to red, or
ted Lo black).

EXERCISES

Using the red numbers on the trigonometric scales, solve Exercises 3 and 5
‘of §38, and Exercises | and 3 of §40.

43. Combined operations. The method for evaluating expressions
_-,__voI\ ing combined operations as stated in §§12, 20 and 21 applies
ithout change when some of the numbers are trigonometric func-
lons. This is illustrated in the following examples:

4 sin 38°
tan 42°

Ekaﬂ:ple. 1. Evaluate
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Solution. Push hairline to 4 on D,
draw 42° of T under the hairline,
push hairline to 38° on 5,
at the hairline read 2.735 on D.
6.1 V1T sin 72° tan 20°

2.2

Example 2. Evaluate

/17 sin 72° tan 20°

22(5)

Push hairline to 17 on A right,
draw 22 of € under the hairline,
push hairline to 20° on T,
draw 61 of CI under the hairline,
interchange the indexes,
push hairline to 72° on 5,
at the hairline read 3.96 on D.

7.9 ese 17° cot 31° cos 41°

Example 3. Evaluate ———
. 18 tan 48° /3.8

Solution. Use Rule (C) §20 to write

cot 31° by

Solution. Replacing cse 17° by ———5
sin 17° tan

and using Rule (€) §20, we obtain

. Q
tan 48° by Yon 425

(L> 7.9 tan 42° cos 41°
18

v/3.8 sin 17° tan 31°
Push hairline to 79 on D,
draw 38° of B left under the hairline,
interchange indexes,
push hairline to 18 on CI,
draw 17° of S under the hairline,
push hairline to 42° on T,
draw 31° of T under the hairline,
push hairline to 41° on S red,
at the hairline read 0.871 on D.

The student could have avoided the use of red numbers by replacing
in the given expression cos 41° by sin 49°,
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The CF scale may often be used to avoid shifting the slide. In the
;_Proeess of evaluating a fraction consisting of a number of factors in
the numerator oyer a number of factors in the denominator, the hair-
Jine may be pushed to a number of the numerator on the CF scale
‘provided that a number of the denominator on the CF scale is drawn
under the hairline later in the process, and conversely. In other

‘words the CF scale may be used at any time for a multiplication (or

division) if it is later used for a division (or multiplication).
2,10 X 254 X V45
sin 70° X tan 35° X 3.06
Solution. Push hairline to 21 on D,
draw 70° of S under the hairline,
push hairline to 254 on CF,
draw 35° of T under the hairline,
push hairline to 45 on B right,
draw 306 of CF under the hairline,
opposite index of C, read 17.77 on D.

Example 4. Evaluate

Note that the folded scale was used twice, once in the third setting
and once in the sixth.

EXERCISES
Evaluate the following:
18.6 sin 36° 3.1 sec 80°
sin 21° Ay
. 32 sin 18° sin 18° tan 20°
275 % 37 tan d°sm3l°
4.2 tan 38° sin 62.4°
sin 45.5° 10. S itan 223
4 34.3 sin 17° 11. 3.14 sin 13.17° cse 32°,
tan 22.5° ° 12. 7.1 o sin 47.6°
_ 13.1 cos 40° 0.61 cse 12,25°
tan 35.2° T
6. 17.2 cos 35° ) 14, 1 sin 22.7°
cot 50° tan 28.2° °
7.8 cse 85.5° 18 3.1 sin 61.6° cse 15.30°

cot 21.4° ° Y cos 27.7° cot 20°
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_13.1 sin 3.12° sin 51:5:_ |
tan 30.2° ° © (39.1) (6.28)° Proportions involving trigono- smAd sinX sinC
i 0.0037 sin 49.8° . B e 49.5° - “metric functions: a =: b = 7
tan 2.10° (19.1) (7.61) v/60.4
8 v:_ftﬁ sin 45.5° ‘ 22. (48.1) (1.68) sin 39°, o b bt B = f
V&6 41.2 cot T1.2° 23. 0.0121 sin 81° cot 41°. ] =
VET 401 b 101 cos 71.2° sin 15° 2. at bon D read angle X on S, _
" tan 13.23°° T VBT s 2120 3, at angle € on S read y on D. S hafrn <
25. Solve for the unknowns in the following equntions: ) é tj) )I' (

tan @ ftane tan 33.2°

(@) = , _ 841 tan 75°
27 49 38 @ =
tan 24.2° tan 6@ 9.32 tan 17°
(= = e g (N ="53
10.7
= 9 8go) S L
(c) y = (407 cot 82.88%)% (g) o 51 st a5
17.2 477 tan 21.2°
@Y= fmarz Blivste S g5
(i) tan p = 272180 11.75°
A o = .
: 333

44, Visual summary.

Sine of angle: @ = sin .

1. At fon S (SRT) AT
read sin 6 on C. si%

I

o
o

2. At gon T (black or red)
read tan # on € (CTI).

e
HIIN R A=

Tangent of angle: = tan 0. P‘
o

=]

3, At #on S (red)
read cos §on C.

Cosine of angle: © = cos 6. P{

SRED) & S
)




CHAPTER V
SOLUTIONS OF TRIANGLES*

45. Introduction. When enough parts of a rectilinear (straight-
sided) figure are given to determine if, the process of finding the
remaining parts is called solving the figure. A triangle is determined
when & side and two other parts are given. This chapter explains
how to use the trigonometric seales in the solutions of triangles and
other rectilinear figures. It should be noted that in these solutions,
the proportion principle and the sine law are basie.

In addition to the solution of triangles, this chapter also includes
a brief explanation of a method for solving practical problems involv-
ing triangles by the combined use of vectors and the trigonometricscales.

The following is a quick reference guide to the solutions of triangles
explained in this chapter:

Given Data See §

Angle, opposite side, any other part . . . . . . . . 46
(See §52 for ambiguous case)

Two legs of right triangle . . . . . . . . . . . . 48, 49
Two sides and included angle . . . . . . . . ... 380
Three sides . . . « o v v o v v n o 0 v o ooo0wo B0l
Rectilinear igures . . . « « « « « « & & 0 o oe e o 54
WachoIm: & & 6 e o 5 55 & wlers s heie oy 90
Spherical triangles. . . . . . . . oL oL 56-58

46. Solution of a triangle for which an angle, the opposite side,
and any other part are given. In the con-
ventional way of lettering a triangle, each m
side is represented by a small letter and
the opposite angle by the same letter cap- < a
italized. Thus, in Fig. 18, each of the
pairs,  and A, b and B, ¢ and C represents
a side and the angle opposite. The law Hre. 18,
of sines is

*Por & more detailed treatment of the solution of triangles by logarithmis computation as well as
by alide rule, see “Plane snd Spherical Trigonemetry’ by Rells, Kern and Bland, MeGraw-EHll
Book Co., New York, 1842,

70
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sin A sin B sin C

a b ¢

Using this law and the method of solving proportions explained in
8§39, we can solve any triangle for which a side, the opposite angle,
and another part are given.

Example 1. Given a triangle (see Fig. 19) in which a = 50, 4 = 657,
and B = 40°, find b, ¢, and C.

Solution. Since A + B + C = 1807,
¢ = 180> — (A + B) = 75°.

Application of the law of sines to the

triangle gives Fre. 19.
S . sin 65> sin 40°  sin 75°
D 50 b S,
40° 7
63|
- R 1
; ﬂ s IEE T
| [efB | : D AL R S O S |
b=355 50|
c=53.3
Fia. 20.

Accordingly (see Fig. 20),
opposite 50 on D set 65° of S,
push hairline to 40° on S,
at hairline read b = 35.5 on D,
push hairline to 75° on S,
at hairline read ¢ = 53.3 on D.

Example 2. Find the unknown parts of the triangle (see Fig. 21)
in which a = 38.3, A = 25°, B = 38°

Solution. In this solution, it is necessary to use sin ¢ = sin 117°.
By (11) of §37, sin 117° = sin (180° — 117°) = sin 63°. Hence we
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shall use sin 63° instead of sin 117°
since the S scale does not provide
directly for 117°. In general, use
the exterior angle of a triangle in
the law of sines when the in-
terior angle is greater than 90°.

c
Fia. 21.

Hence from Fig. 21 write
S sin 25° sin 38°  sin 63°
=13 = = and
D 383 b ¢
opposite 383 on D, set 25° of S,
opposite 38° on S, read b = 55.8 on D,
opposite 637 on S, read ¢ = 80.7 on D.

47. Short cut in solving a friangle. Observe thaf it is not neces-
sary to write the law of sines in solving a tri-
angle. In accordance with the setting based
on the law of sines, opposite parts on a
triangle are set opposite on the slide rule.
The parts to be set opposite can be taken

68.7

47" 627

y directly from the figure. Thus from Fig. 22
Fra. 22. it appears at once that the pairs of opposites’

are: 68.7, 47°; =z, 62°%; y, 71°

To solve the triangle,

opposite 687 on D, set 47° of S,
86.3 opposite 62° on S, read x = 82.9 on D,
opposite 71° on S, read y = 88.8 on D.

To solve the right triangle of Fig: 23, note that

A v *9 90° and 86.3 are opposite and

2 opposite 863 on D, set 90% of S,
230323 opposite 52° on &, read @ = 68.0 on D,
B opposite 38° on S, read b = 53.1 on D.

9.43 5 To solve the right triangle of Fig, 24,

opposite 943 on D, set 90° of S,

302 opposite 786 on D, read B = 56.5° on S,
4 7.86 compute A = 90° — B = 33.5%

F1a. 24. opposite 33.5° on S, read @ = 5.21 on D.
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In general, to solve any triangle for which a side and the angle op-
posite are known,
opposite the known side on D sel opposite angle of S,
opposite any known side on D read opposite angle on S,
opposite any known angle on S read opposite side on D.

-3 EXERCISES

Solve the triangle having the given parts:

o =50, 10. a = 83.4, *19, @ = 50,
A =657 A = 72.12° ¢ = 66,
B = 40°. € = 90° A = 123.2°.

2. ¢ =49, 11. ¢ = 60, 20. @ = 8.78,
Al = 50% a = 100, c = 10,

B =757 € = 90° A = 61.4°%

3. a = b0, 12, o = 0.624, 21. b = 0:234,
A = 10.2°, c = 0.91, ¢ = 0.198,
B = 46.6°, ¢ = 90° B = 1097,

4. o =795, 13. b = 4250, #522. q = 21,

A = 70.08°, 4 = 52.68° Ao,
B = 44.68°. ¢ = 90° B = T3

5y ¢ = 50.6; 14. b = 2.89, *¥¥23. b = 8§,

A = 38.67°, ¢ = 5,11, ¢ =120
¢ =902 C = 90, A = 60%

6. 0 = 729, 15.16 = 512, 24, g = 40,
B = §8.83°% ¢ = 900, Y =8,
¢ =90°% ¢ = 90°% A= 75°%

7. b = 200, 16. a = 52, 25. ¢ = 3a.7,
A = 64°, ¢ = 60, A = 5885°,
€l =:90% € = 90° ¢ = 90°

B e =112 17..a = 120, 26. ¢ = 0.726,
A = 43.5% b = 80, B = 10.85%
¢ = 90" A = 60°, ¢ =907

9. b =477, 18. b = 91.1, 27. @ = 0.821,
B = 62,937, & =, B = 2157%
=902, B = 5L.1° ¢ = 90°

.28, The length of a kite string is 250 yd., and the angle of elevation of the
kite is 40°. If the line of the kite string is straight, find the height of the kite.
20, A vector iz directed due N.E. and its magnitude iz 10. Find the component
1 the direction of north.

30. Tind the angle made by the diagonal of a cube with the diagonal of a face
of the cube drawn from the same vertex.
*gin 123.2° = gin (180°-123.2%) = sin 56.8%
F* The SRY scale must be used for 4.17°,
#4% The SRT scale must be used for angle B,
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31. A ship at point S can be seen from each of two points, A and B, on the
shore. If AB = 800 ft., angle SAB = 67.7° and angle SB4 = 74.7°, find the
distance of the ship from A.

32. To determine the distance of an inaccessible tower A from a point B,
a line BC and the angles A BC and BC A were measured and found to be 1000 yd.,
44° and 70°, respectively. Find the distance AB.

48. The law of sines applied to right triangles with two legs given.

When the two legs of a right triangle are the given parts, we may

8 first find the smaller acute angle from

its tangent and then apply the law of
sines to complete the solution.

a=3
559 Example. Given the right triangle
A L e of Fig. 25 in which a = 3, b = 4, solve
Fic. 25. the triangle.
Solution. From the triangle we read tan A = }. Hence write
T tanA 1
== = -, and
D 3 4

opposite 4 on D set right index of C,
push hairline to 3 on D (Fig. 26a),
at hairline read A = 36.88° on 7,
at hairline read B = 53.12° on T red.

Now complete the solution by using the method of §46. Since the
hairline is set to 3 on D, draw the opposite angle 36.88° of S under
the hairline (Fig. 26b), and opposite 1 (=sin 90°) on Sread ¢e=5o0n D.

36.88°
T whe ¢ |
lle®llp T : 3 y L 6 1 &L Jee
36.88°
) ;f S T e L [ 1 \
e ®lip 1 2 3 7 T I T R T T ) | e
Fra. 26.
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The following rule is based on the solution just completed. Those
operators who have occasion to solve many right triangles of the
type under consideration should use it.

Rule. 7o solve a right triangle for which two legs are given,
to larger leg on D set proper index of slide,
push hairline to smaller leg on D,
at the hairline read either angle (black or red) on T,
draw this angle on S under the hairline,
at index of slide read hypotenuse on D.

The solution of the triangle of Fig. 27 in ac-
cordance with the rule is as follows:
to 862 on D set right index of €, € gz
push hairline to 479 on D,
at hairline read B = 29.08° on T,
draw 29.08° on S under the hairline,

at index of S, read ¢ = 9.86 on D. A=
Therefore A = 90° — R = 60.92°. Fic. 27.
EXERCISES

Bolve the following right triangles:

1. @ = 123, 4 a = 273, 7. a = 132,
b =202 b = 418, b =132

2. @ = 101, 5. a = 28, 8. a = 42,
b = 116, b = 34. b= 7L

3. a = 50, 6. u = 12, 9. a = 0.31,
b =233 b =5 b= 48.

10. The length of the shadow cast by a 10-ft. vertical stick on a horizontal
plane is 8.39 ft. Find the angle of elevation of the sun.

49. Use of the DI scale in solving right triangles. The DI scale
may be used to advantage in solving right triangles. For this pur-
pose a useful proportion will be derived.
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From Fig. 28 read

a ! !
— =gin 4, or @ = csin 4; =

Lo |
I
L
B
o o

=tan A4, or @ = btan A. "

ol &

Equating these values of a obtain

a=btan A = ¢sin A,

By applying rule B of §17, this may be written
1 fan A sin 4
a1/ T
where a represents the smaller leg of the triangle. The following
rule based on proportion (1) states a method of solving any right
triangle for which two legs are known:

(1)

Rule. To solve a right triangle when two legs are given:
opposite smaller leg on DI set index of C,
oppostte longer leg on DI read either angle (black or red) on T,
opposite this angle on S read hypotenuse on DI,

Example 1. Solve the right triangle having legs 3 and 4.

Solution. Setting a = 3, b = 4, in (1) obtain
1 tan A  sin 4
/3 1/4  1/e
Opposite 3 on DI, set 1 (right) of C,
opposite 4 on DI, read 4 = 36.9° on T,
opposite 36.9° on S, read ¢ = 5 on DI,
B =90°— A4 = 53.1°

Example 2. Solve the right triangle having ¢ = 15, = 8.

Solution. Using the italicized rule,

opposite 8 on DT set 1 (left) of C,
opposite 15 on DI read B = 28.1°on T,
opposite 28.1° en S read ¢ = 17 on DI,
A =90° — B =61.9°%
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EXERCISES

Use the method involving the DI seale to solve the following right triangles:

Loa =123, 4, a = 273, 7. a = 132,
b = 20.2. b = 418 b= 132,

2va ==101; 5. a = 28, 8. a = 42,
b = 116. b = 34. b= 71

3. a9 = §0, 6. 0 = 12, 9. a = 0.31,
b =233, b=25 b= 4.8

10. The length of a shadow cast by a 10 ft. vertical stick on a horizontal
plane is 8.39 ft. Find the angle of elevation of the sun,

11. The rectangular components of a /m/| o
vector ¢ are 17.5 and 6.36 as shown in

Iig. 20. Find the magnitude and direc- 17.5
tion of the vector.

Fre, 29

12. Find the magnitude and direction of a vector having as the horizontal
‘and vertical components 17.25 and 8.04, respeetively.

50. Solution of a triangle for which two sides and the included
angle are given. To solve an oblique triangle in which two sides and
the included angle are given, it is convenient to divide the triangle
mto two right triangles. The method is illustrated in the following
‘example.

Example. Given an oblique triangle in which ¢ = 6, 5 = 9, and
€' = 327, solve the triangle.

Solution. From B of Fig. 30,
drop the perpendicular p to side b.
Applying the law of sines to the
right triangle CBD, we obtain

n D m | sin 90°  sin 32°  sin 58°
b b=9 1

Fic. 30. 6 D 7

A

Solving this proportion, we find p = 3.18 and n = 5.09. From the
figure, m = 9 — 5.09 = 3.91. Hence, in triangle A BD, we have
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|
| p 3.18 | 7. a = 0.085, 8 a= 17, 9. b = 2580,
tan A =— = ——, oF ¢ = 0.0042, b = 12, ¢ = 5290,
| m 3.91 B = 56.5° C = 59.3° A = 138.3°
tan A 1

10. Solve exercises 1 to 5 by using the law of cosines to get the third side and

.‘ — B
| = then the law of sines to get the unknown angles.
I

‘ 318 391"

Solving this proportion, we get A = 39.1°. Now applying the law
of sines to triangle A BD, we obtain

sin 39.1°  sin 90°

3.18 c

triangle, but the method of solution is essentially the same as that
used in the above example.

The law of cosines,
a* = b® 4+ ¢ — 2bceos A,
may also be used for the solution. To solve the triangle of Fig. 30,
we have
¢? = a? + b* — 2ab cos C, or
2 =62+ 92 — 2 X 6 X 9cos32° = 36 + 81 — 91.6 = 25.4
and ¢ = 5.04. Now using the setting based on the law of sines,

opposite 504 on D, draw 32° of S,
opposite 6 on D, read A = 39.1° on S,

11. The two diagonals of a parallelogram are 10 and 12 and they form an

_angle of 40.3%  Find the length of each side,

12. Tiwo ships start from the same point at the same instant. One sails due
north at the rate of 10.44 mi. per hr., and the other due northeast at the rate
of 7.71 mi. per hr. How far apart are they at the end of 40 minutes?

l Solving this proportion, we find ¢ = 5.04. Finally, using the relation : DEPARTURE
i’ . 5 13. In a land survey find the latitude i
A + B +C = 1807, weobtain B = 108.9". The italicized rule of §48 and departure of a course whose length is S ™
could have been used in place of the last two proportions. 525 ft. and bearing N65.5° . (See Fig. 31). Flesse G0
| If the given angle is obtuse, the perpendicular falls outmde the At
1G. &

51. Solution of a triangle for which three sides are given. When
the three sides are the given parts of an oblique triangle, we may
find one angle by means of the law of cosines,

a? = b? 4 ¢? — 2be cos A,
and then complete the solution by using the law of sines.

Example. Given the oblique triangle of Fig. 32, in which
c a = 15,b = 18,and ¢ = 20, find 4, B, and C.

beig, SR Solution. From the law of cosines we

" B = 180° — 32° — 39.1° = 108.9° A 8 _ B A ¢t — a?
i i . iy Fra. 32 writecos A = ———, or
I The solution is checked by pushing the hairline to 71.1° (=180 — ' 2be
108.9°) on S and reading 9 on D at the hairline. 182 + 202 — 15 499 cos A 1
‘ cos A = = (a3 =—_—
| 2 X 18 X 20 720 499 720
| ‘ BIERCISES Opposite 720 on D, set right index of C,
‘ opposite 499 on D, read A = 46.1° on S red.
Solve the following triangles: Now apply the method based on the law of sines and
‘ l.a =94, 3. o = 235, 5.a =27, opposite 15 on D, set 46.1° of S,
g N gg; g 5 éi’“éo }; - ;g; opposite 18 on D, read B = 59.9° on S,
B e g opposite 20 on D, read € = 74.0° on S.
2. a = 100, 4. b =230, 6. ¢ = 6.75, . : - A B
¢ = 130, ¢ = 3.57, co=1.04, The relation A + B 4+ C = 46.1° 4+ 59.9° - 74.0° = 180" serves as
| B= 51.8° A =62° B = 127.2°, & check,
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EXERCISES
Solve the following triangles:

1: = 3.41, 4, a = 61.0, 7. ¢ = 97.9,
b = 2.60, b= 49.2, b = 106,
¢= 1,58, c = 80.5. & =149,

2.0 = 1, 5.a = ?.93, 8. =879,
b = 145; b = 5.08, b = 50.1,
¢ = 40. ¢ = 4.83. ¢ = 30.0.

A= 35y 6, a =21, 9, =213}
b = 38, b = 24, b = 14,
c= 41. ¢ =27, ¢ =15

10. The sides of a triangular field measure 224 ft., 245 [t., and 265 ft, Find
the angles at the vertices.

11. Find the largest angle of the triangle whose sides are 13, 14, 16.

12. Solve Ex. 11 by means of the following formula;

Ay e=t=10) o i M S
tan = = ) where s 2(ca-l +i¢)

13. In triangle ABC of Tig. 33

pt= B = mt=at—nl
Henge b2 — a! =m?* — n*
Factoring and replacing
(m = n) by ¢, we have

1. 33,
b+ a) (b — a) = (m + n) (m—n) = ¢(m—n)or
b+ a _m=n . @
¢ b—a

To solve the triangle ABC, find m — n by using proportion (a). Combine
this result with
m4+n =0

to find m and n. Then solve each of the right triangles of triangle A BC and use
the results to find the angles 4, B, and C.

Apply this method to solve Exs. 1, 2, 3.

14. Another method of solving for angle A when sides @, b, and ¢ are given
follows. From the law of cosines, get

V. SOLUTIONS OF TRIANGLES B1
T _b’-l-c‘-—a’__ 2be + (b® — 2be + ¢7) — a?
N 2be i 2be
(b — e — a? gl=fh— p)?
RTINS A g
e % '
cnsA=l—(a_b'+c}(n+b"6J. ®)
2bc

Thus to solve the triangle in which o = 21, b = 24, ¢ = 27 for A, substitute these

numbers in_(b) to obtain

(21 — 24 + 27) (21 + 24 — 27)
2 (24) (27)

Opposite 3 on D, set right index of 8,

opposite 2 on D, read A = 48.2° on 8 red.

_'g oF cos A
= =

1
A =1= £
= 2 3

" Now use the law of sines to get B = 58.4°, € = 73.4°
Show that if @ = 97.9, b = 106, ¢ = 139, angle 4 = 446°,
Also use the method of this exercise to obtain angle 4 in Exercizes 3, 4, 8,
and 9.

52. Solution of a triangle for which two sides and an angle oppo-
site one of them are given; the ambiguous case. When the
‘given parts of a triangle are two sides and an angle opposite one of
them, and when the side opposite the given angle is less than the
other given side, there may be two triangles which have the given
parts. We have already solved
triangles in which the side op-
posite the given angle is greater
than the other side. In this case
there is always only one solution.
Consider now a case where there
are two solutions,

Example. Givena = 175,b =
215, and A = 35.5°% solve the
triangle.

Solution. TFig. 34 shows the two possible triangles, AB;C and
A B.C, having the given parts. To solve these triangles
opposite 175 on D, set 35.5° of S,
opposite 215 of D, read B; = 45.5° on S,
C; = 180° — A — B; = 99°,
opposite 180° — 99° (=81°) read ¢; = 298 on S.
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From Fig. 34 it appears that B, = 180° — By = 134.5°.

€, = 180°— A — By = By — A = 10°. Since 179 of D is opposite
35.5° of S, push hairline to 10% on S and read ¢, = 52.3 on D at
the hairline.

1t is instiuctive to observe that the slide was set only once, and
that the required parts were obtained by pushing the hairline to
parts already found and reading unknown parts at the hairline.

Let the three known parts of a triangle be a, b, and A. Fig. 35 rep-
resents the triangle with the given
parts encircled. If a is less than b
but greater than p, there are two
triangles AB:C and AB.C having @
the given parts;if ¢ = p there is only
one triangle ABC, and if @ is less Fre. 35.
than p there will be no solutien. Hence when p is found the operator
knows the number of solutions to expect.

If a is greater than b, there will be one and only one triangle safis-
fying the given conditions.

EXERCISES

Salve the following obligue triangles:

1 a=18; 3. 4= 32.2, 5. a = 177,
b= 20, ¢ = 27.1, b = 216,
A = 55.4° ¢ = 52.4° A =356°
2. b =19, 4. b = 5.16, 6. a = 17,060,
¢ =18, ¢ = 6,84, b = 14,050,
s 0 =15.822 B = 44°, B = 40°

7. Find the length of the per-
pendicular p for the triangle of
Tig. 36. How many solutions will
there be for triangle ABC il (a) b
=37(b) b =42 (e) b = p?

Fia. 36.

V. SOLUTIONS OF TRIANGLES

53. Methods of solving triangles; summary. The following tables
summarize the methods of solution of triangles:

angle, and any
other part

Type of
Triangle Known parts Solve by
RIGHT Any ftwo patts Law of sines:
aother than two . . ;
legs sin A _snB _sin(l
a b c
Two legs Find smaller acute angle from
: smaller le
its tangent, e , then law
larger leg
of sines to find hypotenuse.
OBLIQUE A side, opposite Law of sines:

sin A si.nstinC

3 L Fiaat c

Two sides and
included angle

Drop a perpendicular and solve the
two right triangles thus formed;
or find side ol}.nposit'e the given
angle by using law of cosines:
bs + et — g2

2he

cos A =

Three sides

Find any angle by using law of
cosines:

bt gt — g2
2be
then use law of sines,

cos A =
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54. Rectilinear figures. The solutions of many practical problems
are obtained by dealing with rectilinear figures. In finding the length
of a specified line segment of a rectilinear figure, the beginner is
likely to read a number of lengths which are not needed. This may
be well at first, but the efficient operator reads and tabulates only
useful numbers. The following examples and solutions indicate
efficient methods of finding desired parts of rectilinear figures.

Example 1. Find the line segment marked « in Fig. 37.
Solution. By using the law of sines, we write
368 Y Y T

sin 39°  sin65°" sin 50°  sin 28°
and then find # by making the
following settings:
push hairline to 368 on D,
draw 39° of S under the hairline,
push hairline to 65° on S,
draw 50° of S under the hairline,
Fre. 37. push hairline o 28° on S,
at the hairline read 2 = 325 on D.
The value of y was not tabulated, but it could have been read at the
hairline on seale D when the hairline was set to 65° of scale S. Also
it was not necessary to write the ratios; for, when one remembers that
each ratio is that of a side of a triangle to the sine of the opposite
angle, he has no difficulty in perceiving, from an inspection of the
figure, the settings to be made.
(ienerally it is necessary to compute the magnitudes of & number
of angles before the slide rule computation can be carried out. This
process is illustrated in Example 2.

Example 2. Find the length of the side marked 2 in Fig. 38 (a).

Solution. First draw Fig.38(D),
compute the angles shown in the
figure, and push the hairline to
289 on D, draw 38° of S under the
hairline,
push hairline to 32° on S,
draw 45° of S under the hairline,
push hairline to 65° on S,

Fic 38 (h). gt the hairline read z = 319 on D.

Fia. 38 (a).
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In some problems it is necessary to perform some of the earlier
settings in a chain of settings, compute some parts on the basis of
‘the results, make some more settings, compute more parts, ete, This
‘process is illustrated in Example 3.

Example 3. Find the side = of the in-
seribed quadrilateral shown in Fig. 39 ().

Solution. Angles Q and S are right
‘angles because each is inseribed in a semi-
circle. Knowing two legs of right triangle
PQR, we first find its hypotenuse and then
‘deal with triangle PSR. Accordingly
to 184 on D set left index of slide,
‘push hairline to 781 on D,

‘at the hairline read on T

23° = A [Fig. 39(b)],

draw 23° of S under the hairline,
‘compute B [Fig. 39 (b) ] = 65° — A= 42°,
interchange indexes

push hairline to 42° on S.

at the hairline read x = 13.37 on D.

Fic. 39 ().

The following example illustrates in more detail the same method
of procedure.

‘Example 4. An engineer in a
level country wishes to find the
distance between two inacces-
sible points C and D and the di-
tection of the line connecting
them. He runs the line A B [Fig.
40 (a)] due North and measures
ﬁie side and angles as indicated.
sUsmg his data, solve his problem.

Fia. 40 (a).
Solution. First find FA (but do not write it), and then find

=766; afterwards find BE (but do not write it) and then ED =425,
tithe triangle DEC [see Fig. 40 (b)] two sides and the included angle
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8. A tower and a monument stand on
a level plane (see Fig. 46). The angles
are now known: hence the method of §49 may of depression of the top and bottom of the
b applcd o (o nd DO — 964 and ung  gonment T o e o of e
' j1°  Therefore the angle NCD=48° . S Pt
ECD = 261° Therefore the ang height of the tower is 145 ft. Find the 2
— 263° = 213°, and line ¢ D makes an angle of height of the monument.
29 Wit ine directed due north. The
215 with a line kdltlh s amswers by malcns 9. The captive balloon shown in Fig. 47 is connected to a ground station A
Gp(}rat-()l' may check these an: ¥ = by a cable of length 842 it. inelined 65° to the horizontal. In a vertical plane

the suggested settings. with the balloon and its station and on the opposite side of the balloon from A a

target B was sighted from the balloon
\FIG. 47.

Fia. 40 (b). " on a level with 4. If the angle of de-
4T~
g7

pression of the target from the bhalloon
is 4° find the distance from the target
to a point C directly under the bal-

loon. e

MISCELLANEOUS EXERCISES

7

1. Find the length of the line segment BC in Fig. 37. 10. A lighthouse standing on the top of the ¢liff shown in Fig. 48 is observed
2. Find the length of the line SBEme’_lt marked w in Fi‘cigcl 38a. from two boats A and B in a vertical plane through the lighthouse. The angle
3. In Fig. 41 find the length of the line segment sl : of elevation of the top of the lighthouse
4. Line segment AB in Fig. 42 is horizontal and C'D is vertical. Find the wviewed from B is 16° and the angles of
length of CD. W% = A elevation of the fop and bottom viewed
5. Tn the statement of Exercise 4, replace “Fig. 42" by Fig. 48” and solye from A are 40° and 23°, respectively. If
the resulting problem. | ‘the boats are 1320 [t. apart find the height
¢ of the lighthouse and the height of the cliff.

11. Fig. 49 represents a 600 ft. radio tower. ‘J.‘—A
I AC and AD are two cables in the same vertical
‘plane anchored at two points (' and D on a level
with the base of the tower. The angles made by g0’
I ‘the cables with the horizontal are 44% and 587 as
indicated. I'ind the lengths of the cables and the
‘distance between their anchor points. TTITT e TTTT T TTTT gl

A0

35"
A 284 B A 74.2
Fra, 42, Fra. 43.

c
o
Saa”
54
8

ric, 41,
6. Tind the length of the line segment marked @ in Fig. 44, _ _12. Two fixed objects, 4 and B of
7. If in Fig. 45 line segment, BD is perpendicular to plane A B, find its length. ‘Fig. 50, were observed from a ship at 8

B point S to be on a straight line passing

through S and bearing N 15° E.  After

sailing 5 miles on a course N 42° W L

the eaptain of the ship found that A . Fia. 50.

T ‘bore due east and B bore N 40° E. 40

L Sy 8 Find the distance from 4 to B. & E
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55. Applications involving vectors. Since vectors are used in the
solution of a great number of the problems of science, a few applica-
tions involving veetors will be considered at this time.

A vector AB (see Fig. 51) 1s
a segment of a straight line
containing an arrowhead
pointed toward B to indicate
4 direction from its initial
point A to its terminal point
B. The length of the segment,
indiecates the magnitude of the

a Iy > vector and the line with at-

Fre. 51. tached arrowhead indicates
direction. 1f from the ends A and B of the vector, perpendiculars
be dropped to the line of a vector A'B’ and meet it in the points
A" and B, respectively, then the vector A" B" directed from
A" to B is called the component of vector AB in the direction
of A'B’.

A force may be represented by a vector, the length of the vector
representing the magnitude of the force, and the direction of the
vector the direction of the force. In fact, many quantities defined
by a magnitude and a direction can be represented by vectors.

In each of the following applications, two mutually perpendicular
components of a vector are considered. Evidently these components
may be thought of as the legs of a right triangle having as hypotenuse
the vector itself.

B

For convenience the rule for solving a right triangle when two legs
are given is repeated here.

Rule. To solve a right triangle for which two legs are given,
to larger leg on D set proper index of slide,
push hairline to smaller leg on D,
at the hairline vead either angle (black or red) on T'
draw this angle on S under the hairline,
al index of slide read hypotenuse on D.

Example 1. Find the magnitude and the angle of the vector

representing the complex number 3.6 + j 1.63 where j = v/ —1.

Solution. 1 the numbers o and y be regarded as the rectangular
coordinates of a point, the complex number @ + jy is represented by
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‘the vector from the origin to the
point (v, y). Hence we must find B
and @ in Fig. 52. Therefore, in
aceordance with the italicized rule
stated above,

Fra: 52

to 36 on D set right index of slide,
push hairline to 163 on D,

at the hairline read § = 24.36° on 7,
draw 24.36° of S under the hairline,
at index of slide read B = 3.95 on D,

Example 2. A force of 26.8 Ib. acts at an angle of 38° with a given
direction. Find the component of the force in the given direetion,
and also the component in a direction .
perpendicular to the given one.

Solution. Denoting the required
‘components by @ and y (see Fig. 53),
‘we write

26.8 u i<

sin 90°  sin 38°  sin 52°
make the corresponding setting, and -
read © = 21.1, y = 16.5. Fic. 53.

Exampl_e 3. A certain ecircuit consists of a resistance B = 3.6 and
an inductive reactance X = 2.7 in series. Find the impedance z, the
susceptance B, and the conductance G.

Solution. The quantities B, X and 2
h'sfwe relations which may be redd from
Fig. 54.  Conductance G and suscep-

504
8\ &[] tance B are found from the relations
Fia, 54.
5
G=———, B= __X_
B4 X R+ X2 ?
- since 2 = V/R? + X?,

G R _ cos ]

VEIXCVELX ¢
o (@)

B X _ sin 6

 VEFIOVETX ¢
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From equations (@) we obtain
f:_sitl_f:?:cosﬁ- ®
1 B @ |
First apply the italicized rule stated above to find z and @ of Fig.
54, and then use the proportion principle to find B and G from (b).

Hence

to 36 on D sct right index of slide,
push hairline to 27 on D,

at the hairline read 8 = 36.9° on T,
draw 36.9° on S under the hairline,

at index of slide read z = 4.5 on D,
draw 45 of C opposite left index of D,
push hairline to 36.9% on S,

at the hairline read B = 0.1333 on D,
push hairline to 36.9° red on S,

at the hairline read G = 0.178 on D.

EXERCISES

1. Find the magnitudes of the unknown vectors and of the unknown angles
g in Figs. 55, 56 and 57.

16.9

18.3
F1a. 55. F1a. 56.
2. The rectangular components of a vector are 5_47
15.04 and 5.47 (see Fig, 58). Find the magnitude r o 04
and direction angle 6 of the vector. T, BS.

3. Find the magnitude and direction of a vector having as the horizontal and
vertical components 18.12 and 8.45, respectively.

4, Tind the horizontal and vertical components of a vector having magnitude
2.5 and making an angle of 16.25° with the harizontal.

5. A force of magnitude 28.8 lb. acts at an angle of 68° with the horizontal.
Tind its horizontal component, and its vertical component,

which consists of a resistance of 8.76
(ohims and an induetive reactance of 11.45
ohms in series. Fia. 62.
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6. A 12-inch veetor and an unknown
vettor r have as a resultant a 16-inch
vector which makes an angle of 28°
with the 12-inch vector as shown in
Fig. 59. Find the unknown vector r.

Fia. 59.

7. Find the magnitude and the angle K
of the vector representing the imagin-
ary number — 2.7 + 73.6. Hint: use
Tig. 60.

3.6

8, Through what angle @ measured (i
counter-clockwise must a vector whose =27 T
complex expression is —10 —75 ba ro- Fia. 60.
tated to bring it into coineidence with
the vector whose complex expression is Y

3 -+ j4? (See Fig. 61.) 4

9. The complex expressions for two
vectors (see Fig, 62) are v; = 7 — jl4 4
and ¥ = —6 — j8. From the tip of v g0 _ax
a line is drawn perpendicular to v, PE
Tind the length m of this perpendic- =
ulgr, and the length n of the line from
‘the origin to the foot of the perpendic- Hig. 61
ular.

1

10. A certain cirenit consists of a re-
‘sistance of 8.24 ohms and an induetive
regetance of 4.2 ohms, in series. Find
‘the impedance, the susceptance, and the
conductance. (See Example 3.) =5

-6 & 7

e

907"

=
11. Find the impedance, the suscep- i
‘tance, and the conduectance of a circuit

- 56. Definitions relating to a sphere. A circle cut from a sphere
by a plane through the center of the sphere is called a great circle.

_ The are length of a great circle is generally stated as the angle
subtended by the are at the center of the sphere.

A spherical triangle consists of three ares of great circles that form
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c the boundaries of a portion of a spherical
surface.

The vertices of the spherical triangle, Fig. 63,
will be denoted by the capital letters 4, B
and (, and the sides opposite by a, b and ¢
A B respectively.

c The sides and angles of a spherical triangle
will be referred to as its parts. When three
parts of a spherical triangle are known the
remaining parts can be determined. The process of finding these
unknown parts is called solving the triangle.

Two great laws, called the law of cosines and the law of sines,
form the basis for the solution of spherical triangles. These laws are
considered in the following articles.

Fie. 63.

57. Law of cosines for spherical iricmgle_s. The cosine of any
side of a spherical triangle is equal to the product of the cosines of the
1o other sides increased by the product of the sines of the two other sides
and the cosine of the angle included between them.

In symbols this is:

cosa = cos b cos ¢ + stn b sinccos A.
Similarly, we may write

cos b = cos a cos ¢ -+ sin a sin ¢ cos B;

cos ¢ = cos a cos b +sin a sin b cos €.

The law of cosines applies to a spherical triangle when two sides

and the included angle are given. It is also used in the derivations

of many formulas of spherical triangles.

Example. Find ¢ in the spherical triangle for which ¢ = 76°,
b= 58°% C = 116.5%

Solution. The law of cosines adapted to the given data yields
oS ¢ = cos 76° cos 58° -+ sin 76° sin 58° cos 116.5°. For convenience
lot x = cos T6° cos 58° and y = sin 76° sin 58° cos 116.5°. Hence
cos ¢ = + y. To find 2 make the following setting:

elose the rule,

push hairline to 76° on S red,

draw right index of slide under the hairline,
push hairline to 58° on S red,

under hairline read on D, 0.1282 = .
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The decimal point was determined by means of the legend of the S
seale and a mental approximation. To obtain the value of y first
‘note that cos 116.5° = —ecos (180° — 116.5%) = —cos 63.5°, write
Wy = sin 76° sin 58° (—cos 63.5%), and make the following setting:

close the rule,

push hairline to 76° on S,

draw right index of slide under the hairline,

push hairline to 58° on S,

draw right index of slide under the hairline,

push hairline to 63.5% on S red,

under hairline read on D, —.367 = .

‘The decimal point was determined as above.
‘Therefore cosc = z+y = 0.1282 — 0.367 = —0.2388. To determine ¢:
close the rule,
push hairline to 2388 on D,
under hairline read 76.3% on S réd.
Since cos ¢ is negative, ¢ must be in the second quadrant. Hence
e=180° — 76.3°=103.7°

. EXERCISES

L Using the law of eosines find the side opposite the given angle for a spherical
triangle having:

() B = 60°% c = 30° A = 45°
(b) @ = 47° ¢ = 32°, B = 125°.
(c) @ = 48°% b = 64°, € = 120°.

'h:' Use the law of cosines to find the indicated angle in the spherical triangle
having:

(a) ¢ =60°% b =602 ¢=100°% 4 =7
(b) & = 120°% b = 60°, ¢ =90° B =7
(c) @ =75% b=35% ¢="60%0 =?

| 3-,. Use the law of cosines to find all the unknown parts of a spherical triangle
having o = 62°, b = 125°, C = 155°,
4, The following formula is derived from the law of cosines:
cos A = —cos Beos € + sin B sin € cos a.

':[:_Ising this formula find the angle opposite the given side for a spherical friangle
in which: -
(a) B
(b) B

64% ¢
1358, ¢

69°% a
126% a

125%
140°,

[}
([

([




‘ |
|
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58. The law of sines for spherical triangles. If @, b and ¢ represent
the sides of a spherical triangle and 4, B and C the respective opposite

angles, sind sinB sinC

sin a sin b sin ¢
The above formula is known as the law of sines.

When a part of a spherical triangle is found using the law of sines,
the part is either of the first quadrant or of the second quadrant.
The following theorems from solid geometry will frequently make it
possible to determine the quadrant:

Theorem I. The order of magnitude of the sides of a spherical
triangle is the same as the order of magnitude of the respective opposite
angles; or in symbols, if

a<b<e¢ then A <B<<C

Theorem II.  The sum of two sides of a spherical triangle is greater
than the third side.

In many practical eases the quadrant of the required part is known
beforehand. However, in cases where the quadrant cannot be deter-
mined by means of the above theorems or when the quadrant is not
known beforehand, other formulas must be used.

Example. Use the law of sines to find b in the spherical triangle
having A = 130°, B = 32.5°, a = 84°,
Solution. Apply the sine law to the given data to obtain
sin b sin 84°
sin 32.5°  sin 1307
Recalling that when the hairline is pushed to an angle on the S scale
the sine of the angle is found under the hairline on the C scale (or
on the D scale when the rule is closed), and also noting that when the
hairline is set o a number on the D scale the angle whose sine is that
nmumber is under the hairline on the S scale, make the following
setting in accordance with the proportion prineiple:
close the rule,
push hairline to 84° on S,
draw 50% (= 180° — 130°) of S under the hairline,
push hairline to 32.5° on 8,
close the rule,
under hairline read 44.3% on S.
The quadrant of b was determined by Theorem I.
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In the above setting the proportion was solved essentially on the
(' and D seales. It should be noted that with the rule elosed and the
hairline pushed to 84° on the S secale, sin 84° is under the hairline on
the D scale. One further observation is important. In solving a
proportion involving the sine law as applied to spherical triangles it is
necessary 1o so make the sefling that the unknown term appears on the
D scale. This is accomplished by always writing the sine law so
that the unknown term appears in the numerator, then closing the
rule and pushing the hairline to the number on S which represents
the angle in the numerator of the known ratio of the sine law
proportion.

EXERCISES

1. Use the law of sines to find ¢ in the spherical triangle having

(a) A =70°% C = 95° a = 58°
(h) A =70%, C = 131.3% a = 57.9°

Il

2. Check the following data by using the law of sines:

(a) A =474° B = 22.3% (' = 146.7°, 0 = 116.8°, b =

(b) 4 =110.2% B'= 188.3%, €' = 70.3% a = 147.1% b =
~ 3. Use the law of cosines to find ¢ and then the law of sines to find A and B
in the spherical triangle having a = 62°, b = 125° C = 155°

4. Fig. 64 represents the so-called terrestrial triangle
used in navigation. The parts symbolized on the figure are:

DL,

DL, meaning difference in longitude,
€'y Ly meaning compliment of latitude of departure,

Cols

€'gL; meaning compliment of latitude of arrival, C
d meaning great circle distance traveled®, d
€' meaning initial course angle to be steered. T'ra. 64,

f_ﬁ_};bsﬁtuti'ou of these parts of the terrestrial triangle in the cosine law and the
sine law yields the following formulas:

(1) cosd = sin Lysin Ly 4 cos Ly cos Ls cos DL, .

sin = sin DL,
cos L, sind

(2)

;;Ia'e-._-_fqrmum (1) to find the great circle distance d, and then formula (2) to find
She initial course angle C, for the indicated flights:

'ﬁ - minute of arc on a great eirele of the earth is squal to 1 nautical mile.
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CHAPTER VI
THE LON SCALES

60. Introduction. In solving many scientific and engineering prob-
lems, it is necessary to find powers of numbers, logarithms of numbers
to the base 10, to the base e, or to other bases, and to solve exponential
equations of the form y = ¢=. By means of the Lon seales considered
in this chapter, we can solve such problems as readily as we can
multiply and divide simple numbers with the familiar C and D scales.

In Chapter VII the design of the Lon scales is discussed from a
logarithmic viewpoint.

61. Laws of exponents; rules for combining logarithms. The
following definitions and laws are taken from algebra and are here
listed for review and easy reference.

Exponents
Definttion I. If nis a positive integer,
a*=a-a-a---a(nfactors). ™
Definition II. Ifa %0, a° = 1. (2)
Definition, III. Whenever a has a principal nth root
at/"=3/a. (3)

Defingtion. IITa. If @ has a prineipal nth root, and m/n is a
rational fraction in its lowest terms,

an/n = (@) = (@) = (Fa) = @
Definition I'V. 1If g is positive, @ # 0 and a¢? is defined by one
of the preceding definitions, then

(i 6))
Laws of Exponents
Law 1. a? - q? = arte (6)

98
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La.w 1(a). (a7)2 = (a7)r = gre (7)

Law 1(b). (ab)r = ar b? (8)

73 p

Law 1(0). 4 =% )

Law2. L we= L (10)
Logarithms

) Definition. Given the equation a* = x, the solution for y is
by definition the logarithmic function

Y = Logs «; (11)
that is, y is the logarithm of « to the base a.

Rules for Combining Logarithms

I. Log, MN = Log, M-+Log, N. (12)
M
I1. Yoga 7 = Loga M — Loga N. (13)
JIII. Log., Mr = p Log. M. (14)
: EXERCISES

Assume that literal numbers in this set of exercises are positive.

Simplify the expressions:

1. (=2z%y—9)e. T )-8 (264 d%e)?
2. (3wty~2) e, 2?"‘_—3 (4o g¥fs
Sl Eedm) 6. [t — (1 — =)=

In each of the equations from 7 to 10 transform the left member to the rigly

member.

: )

% Logz— Log 300 4 Log 120 = — Log 2.

- 1 3 i

8, 2Logx——Logy-—-—.Lngx—T_ngy=§[ﬂg (E)
4 4 4 y

9. Log /2 + Log @ 4 Log /5 -+ Log 5 /7 = Log 528,
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62. The Lon scales. The eight scales labeled Ln0, Im1, Ln2, Ln3,
Im-0, Im-1, Im-2 and In-8 will be referred to collectively as the
“Lon scales,” and any individual seale of the eight as a “‘Lon scale.”
The Lon scales are divided into two groups. The scales labeled
Ln0, Lni, Ln2 and Ln3 comprise one of these groups. They are
all on the front face of the rule and are numbered in black. This
group will be referred to as the “black Lons,” &nd the individual
seales in the group as “Lon zero,” ‘“Lon one,” ete. The group
collectively exhibits a continuous sequence of numbers increasing
from left to right, ranging from 1.001 to 30,000. Iach scale of this
group functions with the €' and D secales on the front face of the rule.

The second group consists of the scales labeled Ln-0, Ln-1, Ln-2
and Ln-8. This group of scales is on the reverse face of the rule
and is numbered in red. We shall refer to this group as the * red
Lons,” and the mdn sidual seales in the group as “Lon minus zero,’
“T,on minus one,” ete. The group exhibits a continuum of deczmal
fractions inereasing from right to left, ranging from 0.00003 at the
right end of the Lon-minus-three scale to 0. 099 at the left end of the
Lon-minus-zero scale. These scales operate with the € and D scales
on the reverse face of the slide rule.

Each calibration mark on the Lon seales represents a single unique
number complete with decimal point. This is in contrast to the cali-
bration marks on the €, D and other numerical scales, on which
each mark may represent many numbers. For example, the calibra-
tion mark numbered 4 on the € seale may represent 4, 40, 400, 0.04,
0.004, etc., whereas the calibration mark numbered 4 on the Ln3
seale represents 4 and no other number.

The left und right indexes of any Lon seale are defined to be the posi-
tions on that scale opposite the left and right indexes respectively
of the D scale. For convenience of reading, the calibration marks on
some Lon scales extend beyond the scale’s indexes, that is, to the
left of the left index and to the right of the right index. When re-
ferring to marks on any Lon scale, unless otherwise indicated,we will
mesan the marks between the indexes of the scale.

63. The number e, One of the most important and useful mathe-
matical constants is the number e, defined by

. IZZ
eé (+)
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Like 7, e is not a rational number. Its value is 2.71828 (to five
decimal places). This constant is the base of the system of natural
or Napierian logarithms, and it appears again and again in the
mathematics of science, engineering and finance.

It is especially important in slide rule theory because it is basic
in the design of the Lon scales.

64. Logarithms to the base e. In the equation N = ¢, the ex-
ponent z is defined to be the logarithm of N to the base e. This is
called the natural or Napierian logarithm of N and is denoted by

Log. N or Ln N (pronounced “Lon of N”).

By using the Lon seales in conjunction with the D scale, Lns
(logs to the base e) of numbers can readily be found, as well as
logarithms to any base exeept 0 or 1.

The Lon scales are so designed that when the hairline is set to a
number N on a Lon seale, Ln N is under the hairline on Seale D.

To use this fact in evaluating Ln 7.39 (see Fig. 65), push hairline
to 7.39 on Ln3, and under hairline read 2.00 on D.

o (=]
T T
! N Tl ) s
[ | lzego 2
739" e 8 e &?
LEGEND
1.0 1010.0
Fi1q. 65.

) The position of the decimal point in the logarithm is determined
‘in accord with the following facts:

L The left index of the Ln3 scale represents e, its Ln is 1; the right
Z_-J_:I;‘d'ex represents ¢*%, its Ln is 10; hence the Lns of the numbers repre-
ii'&gnted on Ln8 range from 1 to 10. Note that the legend at the right
end of the Ln3 scale is “1.0 to 10.0.” If Ln N' = 2, then the legend
i.ﬁumbers 1.0 to 10.0 of Ln3 are the limits of @ when N is on LnS.
In like manner the legend of the Ln-3 scale, —1.0 to —10.0, is based
on the Lns of ¢! and ¢~ respectively, represented by the indexes
lef the scale. Hence, the Lns of the numbers represented on Ln-3
mange from —1.0 to —10.0. The legend of each Lon scale has a
Similar relation to the numbers represented on the seale. In short,
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the legend at the right end of each Lon scale gives the limils of the values
of the Lns (read on D) of the numbers represented on that seale.

In the previous example, 7.39 is found on Ln3, so the value of
Ln 7.39, according to the legend of the Ln3 scale, must lie between
1.0 and 10.0. Hence, Ln 7.39 = 2. This, of course, can be verified
by a quick mental estimate.

o5 019
elfp LAN e
o) Ln b )

F1a. 66.

The rule for finding the logarithm to the base e of any number
(FFig. 66) is:

Rule. To find the value of Lm N, push the hairline to N on a Lon
scale, read Ln N on the D scale under the hairline, and place the decimal
point in this number so that the result lics between the legend numbers of
the Lon scale used.

To gain familiarity with the process of finding logarithms to the
base e, the reader should make the suggested setting for finding the
In of each of the following numbers:

0.002, 0.2, 2.0, 20, 200,
and place the decimal point in each Ln by means of the appropriate
legend.
Opposite 0.002 on Ln-3 read 621 on D, and in accord
with the legend of Ln-8 obtain Ln 0.002 = —6.21;
opposite 0.2 on Ln-3 read 161 on D, and in accord
with the legend of Ln-3 obtain ILn 0.2 = —1.61;
opposite 2.0 on Ln2 read 639 on D, and in accord
with the legend of Ln2 obtain Ln 2.0 = 0.693;
opposite 20 on Ln3 read 2995 on D, and in accord
with the legend of Ln3 obtain Ln 20 = 2.995;
opposite 200 on Ln3 read 530 on D, and in accord
with the legend of Ln3 obtain Ln 200 = 5.30.

Example 1. Find Ln 1.345 and Ln 0.9946.
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Solution. Push hairline to 1.345 on Ln2,
under hairline read on D 0.296 = Ln 1.345;
push hairline to 0.9946 on Ln-0,
under hairline read on D —0.0054 = Ln 0.9946.

Here the decimal point was placed in each answer by observing that
0.296 lies within the legend range 0.1 to 1.0 of scale Ln2, the scale on
‘which 1.345 is found, and that —0.0054 lies within the legend range
—0.001 to —0.01 of scale Ln-0, the scale on which 0.9946 is found.

Example 2. If 7 is the per cent loss of a radioactive substance in n
units of time, Ao the initial amount of the substance, and A the
amount present at any time ¢, the formula for ¢ is

A
n Ln ( Au) .
Ln (1-1r)

It is found that 0.5% of radium disappears in 12 years. Find the
“half life* of radium.

Solution. Tt is required to find ¢ when A =24, Here, r=0.56%=
0.005, 1-r = 0.995, n = 12. Substituting these quantities in the
above formula, we obtain

34, :
12 In 0 ) _ 12Tn 05 @

Ln 0.995 Ln 0.995 °

To find the value of Ln 0.5,

push hairline to 0.5 on Ln-2,

under hairline read 693 on D.
In accord with the legend of the Ln-2 scale, Ln 0.5 = —0.693.
To find the value of Ln 0.995,

push hairline to 0.995 on Ln-0,

under hairline read 502 on D.

In accord with the legend of the Ln-0 scale, Ln 0.995 = —0.00502.

Substitute the above values for Ln 0.5 and Ln 0.995 in (a) to
obtain

t:

t:

_ (2 (—0.693)

f —0.00502

*The half life of & radiosctive substance is defined as the time it takes for 50% of the substance
to disappear.
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To find {,
push hairline to 12 on D,
draw 502 of C under the hairline,
push hairline to 693 on €,
under hairline read 1657 on D,
Therefore, t = 1657 years.

The position of the decimal point in the answer was determined b;
a mental estimate,

EXERCISES

1. Find the Ln of: 500, 50, 2, 1.4, 1.043.
2, Find the Ln of: 0.002, 0.02, 0.5, 0.714, 0.9091, 0.9804.
3, Find the values of:

(n) Ln 76. (d) Ln 0.84, (g) Ln 0.909.
(b) Ln 7.6. (e) Ln 0.145. (h) Ln 1:43.
(c¢) Im9.2. (f) Ln 0.893. () Ln 1.043.

4, Show that the first three significant digits in the Ln of each of the following
numbers is 693 1.0718, 0.9330, 2, 0.5, 1024, 0.000977, 0.90307.

5. Find ILn 4. Then find seven numbers other than 4, each having as its Ln
the same first three figures as Ln 4.

6. Find the half life of a radioactive substance if 25% of it disappears in 10
years., Use the formula in Example 2.

7. If 30% of a radioactive substance disappears in 10 days, how long will it
take for 90% to disappear? Use the formula in Example 2.

8. Bacteria in a certain eulture increase at a rate proportionsal to the number
present. If the original number increases 509 in % hour, in how many hours ean
one expect three fimes the original number? Use the formula in Example 2.

9. The time (1) required, in years, for a sum of money to double itself if interest
is compounded eontinuously at » per cent per annum is
e 100 Ln 2
r
How long will it take if the rate of interest is 6 per cent per annum?

10. The neper (@) is 4 unit of measure used in communication systems. It is
defined by
N
@ =In— (b)
N Ny
where Fl represents a ratio between two acoustic or electric quantities of the
2
same kind measured in the same nnits.
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Using formula (b), find the number of nepers eorresponding to a voltage ratio
of 2.10.

65. Powers of e. We have seen that we can locate a number on a
Lon scale and opposite it, on D, read its natural logarithm. By the
inverse process, we can locate & number & on the D scale and opposite
it read ¢* on a Lon scale.

00 5 O
ellp: ™ LoiN =X e
o Ln I:I'E L]

Fra. 67.

The reason for this relationship is illustrated in Fig. 67. Since
Ln N = a, then by definition N = ¢=. But from §64, In N on D is
opposite N on a Lon scale. Therefore,  on D is opposite ¢ on a Lon
scale. The following rule embodies this relation:

Rule. To find the value of e, push hairline to x on D and under the
hairline, read the value of e* on the Lon scale which contains « between
s legend numbers.

Example 1. Evaluate €% and e—%5.

Solution. In accord with the above rule (see Fig. 68) make the
following setting:

0302=2* LEGEND
Ln3f® P 5 S
GR! E 3 | 4 & & 1 & 81
)|z é 5 10 7 k.| 100 1000 1000080
35 3312e% LEGEND
Fig, 68.

push hairline to 35 on D,

under hairline read on Ln3, 33.1 = ¢35,
Reverse the rule,

under the hairline read on Ln-3, 0.0302 = ¢35,
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Scale Ln3 was selected on which to read the value of e** beecause
the exponent 3.5 lies within the range specified by the legend of the
Ln3 secale. Similarly, scale Ln-8 was chosen for ¢=*° because —3.5
lies within the range specified by the legend on the Ln-3 scale.

Example 2. Evaluate: (a) €%, e7%; (b) %2 e7%2%; (c) €™ e™"%;
(d) GU‘DUE’ g 0.002

Solution: Push hairline to 2 on D,
on Ln3, 7.39 = ¢,

(a) under hairline read { LneS, 0,135 = ¢=*;

on Img, 1.221 = &%,

on Ln-2, 0.8187 = e—“'

on Lnl, 1.0202 = g%%,

on Ln-1, 0.9802 = e~ -2;

on Ln0, 1.002 = %002

Lin-0, 0.998 = ¢~ 0-0%2,

Example 3. The amount A of money accumulated by inv estmg Ag
dollars at r per cent compounded continuously is, at
the end of ¢ years,

(b) under hairline read {
(¢) under hairline read {

(d) under hairline read {

= ADE T.':_nt.

Find the amount aceumulated in ten years when
$10,000 is invested at 69, interest eompounded con-

tinuously.
Solution: The above formula adapted to the given quantities be-
comes A = 10,000 19 = 10,000 ¢%¢ Hence,

push hairline to 6 on D,
under hairline read on Ln2, 1.822 = €.

Therefore, A = 10,000 X 1.822 = $18,220.

EXERCISES li

1. Evaluate:
(a) é. (&) eo-m, (3) e,
(b) e (f) e-tom, (5) e,
(c) en-s. (g) et (k) a0,
(d) e (h) e-1as2, (1) o085,

2, Find e* when:(a)z = 2.12;(b) z = —2.12; (¢) x = 0.212; (d) = = —0.212;
(e)z = 0.0212; (f) 2 = —0.0212,
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3. Evaluate:
(a) et (d) ev-om, (g) e-0-mss,
(b) ez, g)} e*:-:;a (h) es2,
(e) 2% el

4. Evaluate:
(a) evin 45°, (f) etom s0°, (k) eeot 802,
(B) ¢msin 462, (g9) eV>. (1) ecor 120,
(c) ewon 5, (h) e Ve _ (m) eV,
(d) eeon 682, (@) e /e, (n) 21gtan 120,
() etan 402, () 8‘\/0 RSy (0) el8 sin 36°,

5. The damping factor f for a certain oscillatory motion is given by the formula
f = g70.04¢
where { i3 the time in seconds. T'ind the time elapsed while the damping factor
changes from 1 to 72,

6. A tank is filled with 10 gallons of brine in which is dissolved 5 1b, of salt.
Brine containing 3 Ib. of salt per gallon enters the tank at 2 gallons per minute
and the well-stirred mixture leaves the tank at the same rate. The amount A of
salt in the tank at any time { minutes is

= 30 — 25 e—%2 |b,
Find how much salt ig present in the tank after 22 minutes.

66. Hyperbolic functions. Clertain combinations of exponential
funetions, having relations to each other analogous to the relations

among the trigonometrie funetions, are ealled hyperbolie functions.

The three hyperbolic functions most frequently used are called hyper-

‘bolic sine of x, hyperbolic cosine of x, and hyperbolic tangent of x.
‘They are designated by sinh x, cosh = and tanh z, respectively, and
are defined by

. e¥ — gt ez + e
h L e ——
sin ) cosh @ 5
tanh @ — sinth @ e —1
cosh x etz -+ 1

'The hyperbolic funections are used in many fields and especially in
digeussions relating to the catenary, a curve in which the cables of
‘suspension bridges hang.

Example. Ivaluate sinh 2.14.

Solution: TFrom the above definition sinh 2.14 = L‘_2ﬂ
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To find the values of ¢! and ¢!,
push hairline to 214 on D
on Ln3, 850 = e*1,

under hairline read {on Ln-S, 0.118 = e~214,

Therefore, sinh 2,14 = @O—Bﬁﬁ — 4101

EXERCISES

Using the above definitions evaluate the following hyperbolic functions:
1. sinh 1.04. 4. sinh 0.75.
2, cosh 2.52. 5. cosh 0.55.
3. tanh 1.41, 6. tanh 0.61.

7. The formulas for the length | and the sag s (see Fig. 69) of a uniform chain
hung from two points on the same level are

H . . wh
L=2-Esmh T’

where w is wt., per ft. of chain, 1 is the
tension at the lowest point, and 2b is
the distance between the points of sus-
pension, called the span. Find the
length 1 and the sag s if w = 2 Ib./ft.,,
H = 26 1b., and b = 30 ft.

8. A cable weighing 4 1b. per ft. has

a span of 550 ft. The tension at the o X
lowest point is 1600 Ib. Tind the sag
s and the length [ of the eable. F1c. 69

67. Powers-of-ten notation. Problems of science often involve
very large numbers and very small numbers, For ease in reading or
combining such numbers, they are often written in the form

m X 10%
where m is an ordinary number, usually a number between 1 and 10,
and k is a positive or negative integer. Examples of numbers in
this form are:
384 = 3.84 X 107,
0.0384 = 3.84 X 1073,

384000000 = 3.84 X 108,
0.0000384 = 3.84 X 107%.
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Observe that in powers-of-len notation the factor 10% has the effect of
moving the decimal point k places to the right when & is positive, or k
places lo the left when k is negative.

In combining numbers in the powers-of-ten notation, the following
laws of exponents apply (see §61):

10%
= = 0% =, (108 = 10*,

10 X 10" = 10% *+ 7,
For example,
832000 X 0.00324 _ 832 X 10° X 3.24 X 103
5230 523 X 10®

8.32 X 3.2
= —5—>;33“"—2j X 10erE9EED — 515 K 10~ = 0.515:

(1€0000)° X (0.00000195)° (1.6 X 10%° X (1.95 X 10°%)°¢
(0.00545)* = (.45 X 10-%)*

L (LGB LI o)ttt = 04T X 550/ 5107
(5.45)° 297

=194 X 107% = 194 X 107" = 0.000194.

EXERCISES

1. Ixpress in the powers-of-ten notation:

(@) 5860. (d) 0.479. () 0.00000081.
(B) 675000, (e) 28 million. (h) 0.00485 X 108,
(¢) 0.0623, (f) 2.76 billion, (i) 8645 x 1075,

2. Simplify, and give the answer in the powers-of-ten notation:
(@) (3 X 10%) (6 X 10%). (d) (5% 107%) (7 X 109~
(b) (7 X 10738, (e) V64 X 108
(c) (B X 1072)%, (/) V/8 X 104,

3. To make each of the following evalustions, express the numbers in the

I_;SWersfof—ten notation, simplify, make slide rule computations, and finally write

answer in the powers-of-ten notation:
(a) (8.31 X 1074)2
(b) (7.45 % 10%)*V 2.65 X 10-4

V368 X 108
(C) :m ~
/512 % 10~

(d) (3.16 X 104)%73,

(e) (2.30 % 102)3 (1,42 X 10-3)t
(1.96 x 107%)
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4, Evaluate and give the answer in the powers-of-ten notation:
(a) V64 % 10% X 0.125 X 1075,  (d) /25600 X 0.00816.

1/
(h) 6.8 X 104V2.96 X 104, (@) (Qbf‘lggg?g) 3
/724 % 10 (2675000)8/18

(&) /000042 X 0.0683 () o032y

5. A light year is the distance traveled by light in a year. If the speed of light
is 186,300 mi./sec., find in the powers-of-ten notation the number of miles in a
light year.

68. Mated scales; reciprocals. Two Lon scales having the same
number in their labels are ealled mated scales, and each of the pair
is the male of the other. The mated pairs are:

Lno Lni Ln2 In3
Lin-0 Ln-1 Ln-2 Ln-8

Rule. Opposite numbers on mated scales are reciprocals of each other.
Thus to find the reciprocal of 1.00203:

push hairline to 1.00203 on Ln0,
under hairline read 0.997975 on Ln-0.

To find the reciprocal of 0.552:
push hairline to 0.552 on Ln-2,
under hairline read 1.812 on LaZ2.

Note that in finding reciprocals by means of mated Lon scales,
there is no question as to the position of the decimal point.

EXERCISES

1. Set the hairline to 5 on LnS, read the reciprocal of 5 on Ln-3; set the hair-
line to 1.25 on Lng, read the reciprocal of 1.25 on Ln-2; set the hairline to 1.04 on
Lni, read the reciprocal of 1.04 on Ln-1.

2. Using the Lon scales find the reciprocal of each of the following:

(a) 16. (d) 1.95. (g) 1.0142.
(b) 3.52. (e) 0.752. (k) 0.9515.
(¢) 0.0155. (f) 1.163. (4) 1.0075.

69. Powers of any number: elementary. In §65 the method of
finding powers of ¢ was considered. Powers of any other number can
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be found by a similar method. To illustrate the process, consider

the problem of finding the value of 32 and 3-2 (see Fig. 70).

0.111=3"
2 o|jLn-3 5 ©
o]
oflinz 3 ) >
9-3°

Fia. 70.

Push hairline to 3 on Ln3,
draw left index of C' under the hairline,
push hairline to 2 on C,
A Ln3,9 = 32

der hs e d A% ’
it s {on Ln-8, 0.1111 = 3-2,

Without changing the position of the slide, push the hairline to 3,
5, and 7 on €' and under the hairline read, on Ln3, 27 = 37 243 = 3,
and 2187 = 37,

¢ 1 : 4

D Ln3 2Lln3 o
Ln3
Ln3 3 %
1g, 71.

The above setting can be explained as follows (see Fig. 71): by
‘pushing the hairline to 3 on Ln3, the Log, 3 is found on D under the
‘hairline. Next by setting the left index of C under the hairline and
pushing the hairline to 2 on C, the Log, 3 is multiplied by 2 to obtain
2 Log, 3 under the hairline on D. 2 Log, 3 can be written in the form
Log, 3¢ or Ln 3% Hence 32 is found on Ln3 under the hairline, sinece
by §64 Ln 32 on D is opposite 32 on Ln3.

The following rule covers the proeess just illustrated:

Rule. T'o find the power d", push hairline to d on a Lon scale, draw
index of C under the hairline, push hairline to n on C, under hairline
read d* on a Lon scale.
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In the following examples, the proper scale on which each answer
is to be read is specified. The process for determining the proper
scale for any similar problem will be discussed in the next article.

Example 1. Evaluate the following:

34 34 028 0.2-5 1,25%92 1.25-092 (,9615!%5,
096157125,
Solution: Push hairline to 3 on La3,
draw left index of €' under the haitline,
push hairline to 4 on C,

on Ln3, 81 = 34,
on Ln-3, 0.0123 = 37
push hairline to 0.2 on Ln-8,
draw lelt index of € under the hairline,
push hairline to 5 on C,
on Ln-3, 0.00032 = 0.2°
on Lng, 3100 = 0.27°;
push hairline to 1.25 on Ln?,
draw right index of € under the hairline,
push hairline to 932 on C,
on Lm?, 1:231 = 1.25%%%
on Ln-2,0.8124 = 1.257%%%
push hairline to 0.9615 on Ln-1,
draw left index of € under the hairline,
push hairline to 125 on C,
on Ln-2, 0.612 = (0.9615)12-*
on Ln2, 1.633 = (0,9615)—'**.

under hairline read {
under hairline read {
under hairline read {

under hairline read {

EXERCISES

1. Using the settings indicated by the italicized rule in §69, find on Ln3 the
values of 22, 5%, 72, 82, and on Ln-3 the values of 272 57% 774, 872

2. Using the settings indicated in the italicized rule, find on Ln-2 the values of
0.882-1, 0.80%1, 0.65%, und on Ln2 the values of D.887%4 0.807%1, 0.657%-4

3. Push hairline to 3 on Zn3 and under the hairline read on Ln-3, 3-1; on LnZ,
30.]; on L"'_g‘ 3'0;1; n]i Dﬂl' 30._0}; or LH_I‘ 3-0.{11.

4. Use the rule of this article to find 32, 372, 4%, 4-2, 62, 672, 92, 0°% 5,59, 5.5°%
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5. Push hairline to 1.06 on Lni and under hairline read the values of 1.0671
ion Ln-1, 1.06% on Ln2, 1.0671 on Ln-2, 1,06 on Ln3, and 1.067% on Ln-3.

6. Push hairline to 0.1 on Ln-8 and under hairline read the values of (0.1)~¢
on Ln3, (0.1 on Ln-2, (0.1 an Ln2, (0.1)%% on Ln-1, (0.1 on Lal.

7. Push hairline to 25 on La8, draw right index of € under the hairline, push
‘the hairline to 5 on €, and under the hairline read the values of: 25%f on Lng,
2505 on Ln-3; 259 % gn Lng, 25799 on Ln-2.

8. Push hairline to 0.84 on Ln-2, draw index of C under the hairline, push hair-
line to 3 on (', and under the hairline read the values of: (0.84)% on Ln-2, (0.84)-%
lon Ln2, (0.84)% on Ln-8 (0.84)™®, on In3, (0.84)% on Ln-1, (0.84)°% on Lnl.

70. Powers of any number: general. In finding a power of any
number — such as 1.214% or 12-0-00% it is often necessary to locate
%he base on one Lon scale and read the power on another Lon seale.
In the problems in the preceding article, the scale on which to read
the power was specified. In this article we shall diseuss the complete
process for determining which seale fo use when finding any power of
Es;ny number, provided that no step in the process involves any num-
‘ber outside the range of the Lon scales. These scales represent num-
‘hers from 0.00003 to 30,000 except for a gap between 0.999 and 1.001.
'Qalr;ulations involving numbers not on the Lon scales are discussed in

A. The ““‘Same Scale” Principle: Consider the process of finding

'1.2%. The base number 1.2 is located on the Ln2 scale. Hence, we

set the left index of € opposite 1.2 on Ln2. Thus

1.2" on Ln2 is opposite 1 on C.

Now push the hairline to 2 on € and under the hairline read
1.44 = 1.2% on Ln2.

Herice, 1.2% an Lp2 is opposite 200 on C.

b Note that scale Ln2 is the same seale on which the base 1.2 was

found. Similarly,

opposite 300 on € read 1.73 = 1.2% on Ln?2,

opposite 400 on ' read 2.07 = 1.2% on Ln2,

opposite 504 on C read 2.50 = 1,2 on La2.

Il
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In each of the above settings, note the close association between
the number on C and the exponent of 1.2. Also note that all these
readings are on Ln2, the same scale on which the base 1.2 was found.

Now interchange the indexes of the € scale; push the hairline to
700 on €' and

opposite 700 on (' read 1.136 = 1.2%7 on Ln2.

Similarly,
opposite 600 on € read 1.1156 = 1.2%° on Ln2,

Again observe the elose association between the number read on
and the exponent of 1.2; note that the readings are still made on Ln2,
on which 1.2 appears.

These examples illustrate the operating principle (Fig. 72):

(@)
i

===
5

a
—

b= |
—
=

—_—

Fra, T2,

The “Same Scale” Frinciple: To find a power of a base number, N,
locate the base number on a Low scale and set an index of C opposite it.
Then any number to the right of N on the same Lon scale on which N
appears s o power of N having an exponent whose value lies between 1
and 10 and whose digits are the same as the digits of the number on the
C scale opposite this power. Moreover, any nuwmber to the left of N on
the same Lon scale on which N appears is a power of N having an ex-
ponent whose value lies between 0.1 and 1 and whose digits are the sume
as the digits of the number on the C scale opposite this power.

EXERCISES

. Evaluate 62-1%/63:%2 6582

= EV&IUﬁte 50.915-’ 603“‘1 ﬁﬂ.ﬁB‘B'

. Evaluate 1.3222:48, 1,3227-45, 1.3220-362 1399082, | 3990.60% ] 3990015,

. Evaluate 1.02215%, 1.022%40, 1,(022¢21 10290950, [ (220746, ] ()20-482

. Evaluate 1.00751-5, 1-0075"'9“: 10075064, 10075042, _1_00750.212’ 1.00750. 1422,

UL b=
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B. The ‘““T'enth Power” Principle: In considering the second
operating principle, keep in mind the distinction between the “label”
of a seale and the “legend” of a seale: The label, or name, of the Ln3
seale is “ILin3"; its legend is “1 to 10.”

As we saw in §64, the legend of each Lon scale gives the range
of the exponents of the powers of ¢ found on that scale. For example,
Seale Lnl consists of numbers from %9 to ¢%!
& Ima 1 0 e 11 g0l ol
i Lﬂs (13 i (13 (13 gj L3 élo,

Hence, any number on ILn3 is the 10th power of any number
- oppositeit on Ln2;any number on Ln2 is the 10th power of its opposite
number on Lnl.

To illustrate, again set the left index of € opposite 1.2 on Ing2.
Push the hairline to 200 on €. By the “Same Scale” prineiple, the
number under the hairline on Ln2 is 1,2%

For the reason just discussed, the number

on Ln8 is 1.2%,
under the hairline <on Lnf is 1.2%2
on Lng is 1.2%%

Note that in moving along the hairline from one Lon scale to an
‘adjacent Lon scale with the higher number in its label, the exponent
‘of the power of 1.2 is multiplied by 10; in moving to the adjacent Lon
‘scale with the lower number in its label, the exponent is divided by 10.

This illustrates the second operating principle (Fig. 73):

Lin-3 N=t f{o N-W N-19 o N 1o
In-2 N=%t to Nt NEU o N=R
Ln-1 WN-0.01 tg W01 N0l fp N=L
Lin-0 INF et in =0t N-0-01 tg N9
6 ¥ 8 @ 1 2 3
A8 o 1 e
In 0 9.0t fig Mot | Nguot fo et
i1 No w1 to No° : N1 to NI
Ln 2 Nexr o Nt N Nt to Nw
In3 Nt to N1 N1t N 1090

F1a. 73.
~ The “Tenth Power” Principle: Each number on any Lon scule
95 the 10th power of the number opposite il on the adjacent Lon scale
‘with the lower number in its lubel.
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EXERCISES

Evaluate 6212, 69212, ootz go.toziz,
Evaluate 1.00750519, 1.0075%12, 1.0075% .

. Evaluate 1.02549% 1.025%42, 1.02540:%

. Evaluate 1,45253, 1.450-282, 1,450:0%2, 1 45%:3,
. Evaluate 1.25014%, 12503 1 25934,

oo W o e

C. The “Mated Scale” Principle: In §68 it was shown that Oppo-
site numbers on mated Lon scales are reciprocals of each other. Since
N? and N—P are reciprocals, this relationship (Fig. 74) ean be re-
stated as:

© al|lLn- r{P O_OI
¢} i 5
oflLn i -
| Fra 74,

The “Mated Scale” Principle: When the hairline s sel to NV
on any Lon scale, it is also set to N= on the mated Lon scale.

As an illustration of this prineiple set the left index of €' opposite
1.2 on Ln2 and opposite 2 on C read the powers in the left-hand
column of the table below in accord with the “Same Secale” agd
“Tenth Power’ principles, and those in the right-hand column in
accord with the “Mated Scale” principle:

1.2%92 on Lm0 1.27%%% on Ln-0
1.2%2 on Lnl 1.27%2 on Ln-1
1.2® on Ln2 1.2 on Ln-2
1.2 on ILn3 122 on Ln-3

EXERCISES l]

valuate 3,754, 8.75744, 3757, 3.757642, 3.75700%,
 Tvaluate 1,024562, 1,0240.982 1,024-0.362 1 (24-15.5,

. Evalaate 1.0075—42, 1.0075-242, 1.007573%:5,

) Eva]ue’_ste 0.842_3_31’ 0.842—15.1I 0.8428.42,

. Evaluate 0,9982715:4, 0,008271%, 0.99827251,

(7 SR
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D. Index Power Ranges: The relations set forth in the “Same
Scale,”” “Tenth Power” and “Mated Scale” principles are sufficient to
determine the proper Lon scale on which to read a power of N. One
further device will be presented here which on certain oceasions will
be found exceedingly helpful. This device makes use of the inter-
relationship of the indexes of the Lon scales, by means of which the
ranges for the powers of any given base number N are established
on the various Lon scales.

Again set the left index of C opposite 1.2 on Lng and read 548 on
C opposite the right index of D. By the “Same Scale” principle
the number at the right index of Ln2 is 1.2%4. Hence the numbers
on In2 to the right of 1.2 are powers of 1.2 having exponents which

‘range from 1 to 5.48.

Interchange the indexes of the ' scale and find opposite the left index
of Ln2 the same digits 5-4-8 on C. By the “Same Scale” principle
the number at the left index of Ln2 is 1.2%5% and the numbers on
Ln?2 to the left of 1.2 are powers of 1.2 which range from 0.548 to 1.
It follows, therefore, that the powers of 1.2 which ean be read on
scale Ln2 have exponents which range from 0.548 to 5.48.

By the “Tenth Power” and “Mated Scale” principles, it ean be
established that the powers of 1.2 which can be read on ILn8 have
exponents which range from 5.48 to 54.8, and the powers of 1.2 that
can be read on Ln-3 have exponents which range from —5.48 to
—54.8. In like manner, the ranges for the other Lon scales can be
determined. These ranges will be referred to as the “Index Power
Ranges.”

When it is necessary to find various powers of the same base
number, it is often convenient to list the “Index Power Ranges’
of the Lon scales and use them like scale legends. For example, to
Write a set of “Index Power Ranges” for determining the proper
scale on which to read various powers of 9, set the index of C opposite
9on Ln3. Opposite the index of D we find, on O, the digits 4, 5, 5.
By applying the three operating principles just discussed, we write
these “Index Power Ranges” for powers of 9:
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Left index Right index
Ln-8 970458 o e g
Im-2 9005 | to . . . 90480
Im-1 g-v.00458 o , , . Q-0-0480
Ln_o 9“0.000155 s T t() i 9-—0.00455
Lo Qo.000485 . to ., , . QU-00485
Ind Qo.00455 . to . . . 90015
Ln2 ()0-0435 .. . to . . . 90
In3 £)8- 455 e o .. 9

In each case, of course, the actual digits in the exponents of the
powers of 9 are located on the C scale.

Example 1. Find the values of the powers of 9 whose exponents
are 0,545, 2.13, —2.13, 0.213, —0.213, 0.0213, —0.0213, 0.00213,
—0.00213.

Solution: In this example, let us determine the scale on which
to read each answer by referring to the “Index Power Ranges”
above for the powers of 9. Thus we choose Ln3 as the scale on which
to read the values of 9%5% and 9212 since these powers of 9 lie within
the “Index Power Range'’ 9% to 9*55 of the Ln3 scale (see Tig. 75).

455 545 213 455
} 1 :
; i ; i 1
{5 ! | i
c ‘I‘ II?'.? 1!' it ? 1y |11|||||%|It1|4|||||? ‘I1 It?
|Ln3 _9\:].455 gj.m s BT‘“ -9':.55
INDEX INDEX
Fig. 76.

Also we read the value of 921 on seale Ln-3, the mate of Lns3.
Similarly we choose Ln2 and its mate Ln-2 as the seales on which
to read the values of 99218 and 9213, respectively. In a like manner,
we use the “Index Power Ranges” to select the proper scale on which
to read the values of the remaining powers of 9. We now make the
following setting:

push hairline to 9 on Ln3,

draw right index of € under the hairline,

push hairline to 545 on C,

under hairline read on Ln3, 3.31 = 955

interchange indexes of C,

under hairline,
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oad {on Ln3, 108 = 9213,
on Ln-3, 0.0002 = 9-2-13;
ead 498 Ln2, 1.597 = 90-213
on Ln-2, 0.626 = 9=0-218,
read 4" Emd, Lot = 90'0_?13:':
on Ln-1,0.9543 = §-0-0213,
resd 2208 Lng, 1.0047 = 900213,
on Ln-0, 0.99532 = Q—0.00213,
halt is to be emphgsized th?.t.. the last eight exponents in the example
have tlhe same significant digits and that all of these answers appear
‘opposite each other at the same hairline setting (see Fig. 76).

En=3 2,13
ll:nn-f o218
T H-0023
Ln-0 -000218
c 1 213
1
LnQ 000213
Lnl 00213
Lng 0,213
_ Ln3 9 213
Fic. 76.

._'More-over, each number on the higher labeled secale is the 10th
jpgéiwer of the number opposite it on the lower labeled adjacent seale.
;E‘ma.lly, observe that exponents having the same digits but opposite
in sign are on mated scales,

Example 2. Evaluate

_ (@) (5:27)0-044 (b)) ((R955)138:3,  (¢) (1.456)0-054,
 Solution: (a) Push hairline to 5.27 on Ln3,
draw left index of (' under the hairline,
push hairline to 440 on €,
under hairline read on Lni, 1.0759 = (5.27)0%044,
- Note that, after the setting was made, in accordance with the “Same
Seale” principle, 5.27%* was on La3 at the hairline, and that by
the “Tenth Power' principle 5.27%* was on Ln2, while 5.27%% was
on Lni. Fig. 77 shows the setting.

5 ©
4?0
so79E °
50744 a

Fre, 77-
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Solution: (b) Push hairline to 0.955 on Lmn-I,
draw left index of €' under the hairline,
push hairline to 1863 on C,
under hairline read on Ln-3, 0.000188 = (0.955) 186:3,

Note that, after the setting was made, in accordance with the “Same
Scale,” principle 0.955"5% was on Ln-I at the hairline, and that by
the “Tenth Power” principle, 0.955%:% was on Ln-2 and 0.955'5%-%
was on Ln-3. Fig. 78 shows the setting,

1663

Ln-3 o
ollin1 955 9?5“"’ o
c 1 1863
o ® | 20

Fia, 78.

Solution: (¢) Push hairline to 1.456 on Ln?2,
draw right index of C under the hairline,
push hairline to 540 on C,
under hairline read on Ln-1, 0.97995 = (1.456)0-054,

Note that, after the setting was made, 1.456%% was at the hairline
on Ln2 by the “Same Scale” principle; 1.456% %% was at the hairline
on Lmi by the “Tenth Power” principle, and 1.456-"" was under
the hairline on Ln-1 by the “Mated Seale” principle. Fig. 79 shows
the setting.

Ln-3
Ln-2 1456°°0
Ln-1 145
¢ © 550 1 |
tﬂ é 14560 % 1456
[n3 |
Fra. 79,
EXERCISES

1. Find the values of: (1.056)%55, (1.056)%-2, (1.056)-5%
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2. Find the values of:

(a) 1.0315L, 103181, 1,031,
(b) 8.55%5L 8.55- L1, Q. 550.0181
(e) BT 0.7721-1, 0770211

(d) 0.2240:342, 0.224-9:00345, 0.224-0.548,

Tvaluate the following expressions:

3. 10351, 12, 749:004, 21. geln 30°,

4. 1.0163%3, 13, 7470-04, 22. g-=in 80°

5. 8.550.18, 14. 0.741, 23. feos 28,

6. 0,081.765, 15. .74, 24, 50 28°,
|Q178.8 40,657 5

B 09875 17. 1085145, % Dy

9, 2.72+143, 18. 1.035%68:5, 27. 0.98315,

10. 2.72-%43, 10, 1.0359:865, 28. 0,983,

2 B SR RS 20, (,988243, 20. 1.032542:5,

71. Basic formulas of mathematics of finance. Comprehensive
treatises such as Moore's “Handbook on Finaneial Mathematics”
develop many formulas for the solution of various problems of finance.
‘Many of these formulas, though eonvenient, are not necessary. IFrom
a strictly theoretieal standpoint two principal types of financial
problems occur. The first type deals with a single payment exempli-
fied by investments involving compound interest, compound amounts,
present values and compound discounts. The second type deals with
a series of equal payments, exemplified by annuities, their amounts
and present values.

The first type may be solved by the two formulas,
a) S= P (1+ 9", and by P=S(1 + ),
and the second by the two formulas,

(14D —1
’ 7

&) Sy =R and d) A,,:RL{FQH“.
In all four of the above formulas:

1 = interest rate per conversion period,

n =number of conversion periods.

In formula (a):
S = compound amount,
P = original principal invested.
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In formula (b):

P = the present value of the sum 8,

n = periods in advance of the maturity date.
In formula (¢):

Sy = amount of annuity,

R = periodic rent.
In formula (d):

A, = present value of annuity,

R = periodic rent.

It iz to be noted that the expression (I + 2)** is basie'in the above
formulas. Indeed this expression forms the basis of most of the
formulas of mathematics of finance. As illustrated in the following
examples, it can be very conveniently evaluated on the DECI-LON
slide rule.

Example 1. Find the compound amount of $2500 if interest is
converted semi-annually at 59 for 15 years.

Solution: Here P = $2500, ¢ = 57% = 0i025, n'=2 315 =30!

Formula (¢) above, adapted to the given data, yields:
S = P (14 2)» = 2500 (1.025),

The value of the expression (1.025)% is found by making the
following setting:
push hairline to 1.025 on Lni, :
draw left index of €' under the hairline,
push hairline to 30 on C,
under hairline read 2.10 on Ln2.
S = 2500 X 2.1 = $5250.

Example 2. Iind the present value of an annuity whose periodic
rent is $200 paid quarterly for 10 years, assuming money to be
worth 59, converted quarterly.

Solution: The present value is

1— (1 £)—n
Av=—rF #

Here R = 200, n = 40, and 1 = %5 = 0.0125.

1— (1.0125)~°

Hence A, = 200 00125 :
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The expression (1.0125)~% is evaluated by making the following
setting:
push hairline to 1.0125 on Lni,
draw left index of C under the hairline,
push hairline to 40 on C,
under hairline read 0.608 on Ln-2.

200 X (1-.608)

Therefore A, = 0.01%5 = $6270.

EXERCISES

1. Tind the compound amount on $500 for 20 years at 3%, converted semi-

anmually,

2. To what amount will $900 accumulate in 15 years, if interest is at 39 con-
verted (o) annually? (b) semi-annually? (¢) quarterly? () monthly?

3. A man borrows %300, sgreeing to repay the principal with interest at 89,
converted bi-monthly. What does he owe at the end of 3 years?

4, Find the present value of $1200 due in 15 years, if money is worth 6%, com-
pounded (a) annually, (b) semi-annually, (¢) quarterly, (d) monthly.

5. Discount (i.e. find the present value) $2000 for 20 years if money com-
pounded annually is worth (a) 8%, (b) 8% (¢) 6.5%. Find the compound
discount in ecach case.

6. If money is worth 49 converted quarterly, is it more economical to pay

21000 for a rug now or $1100 two years hence?

7, Find the amount of an annuity of (a) $200 per annum for 20 years at 65,
{h) $400 each 3 months for 20 years at 6% converted quarterly, (¢) $150 each
month for 10 years at 69, converted monthly.

8. Find the amount at 79 converted bi-monthly of an annuity of $200 each
half month for (a) 2 years, (b) 4 years, (¢) 20 years.

9, A person deposits $150 every three months in a savings bank which pays
39 converted quarterly, IFind the amount of his savings in 10 years,

10. Tind the present value of an annuity of (a) $70 a year for 5 years at 65,
(b) $40 each half year for 6 years at 6 converted semi-annually, (¢) $10 a month
for 10 years at 69, converted monthly.

11. Find the present value of an annuity of $100 per month at 5% converted
monthly for (a) 4 years, (h) 8 years, (¢) 12 years.

12. How much must a man deposit in a trust bank on his son’s second birthday
to provide for his son’s college education which he estimates will cost $1500 a year
for 4 years starting on his son’s 18th birthday, if the bank’s interest rate is 8139,

72. Logarithms to any base. According to the definition of loga-
rithmns, if d= = N, then 2 = Loga N (Log of N to the base d). Thus,
in the equation = Logs 16, « is the exponent of the power of 2 which
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equals 16. By inspection, we know that 2¢ = 16, sox = 4 = Log, 16.

For any number N and any base d (other than 1 or 0), the desired
logarithms can be found by using the C scale and the Lon seales in
accordance with the relationship established in §70.

The following example and the schematic (Fig. 80) will illustrate
the process:

loggN 5
N

o
]

Gt

ot

c i
Lntli Ln

?gLn

(@) (b) (e)

Example. Find Log; 27.

Solution. Letx = Logs 27; then 3* = 27. Recall that we can find
the power of any number by setting the index of €' opposite the num-
ber on a Lon scale and using the € scale to multiply by the exponent
of the power. In Fig. 80a, for example, N on the Lon scale times 3
on the C scale gives N*® on the Lon scale. In the present example we
work with a different unknown (Fig. 80b). We locate 3 and 27 on
the Lon scale and use the C scale to find the missing exponent. To
solve 3° = 27,

push the hairline to 3 on Ln3,

draw the left index of € under the hairline,
push the hairline to 27 on Ln3,

under hairline on € read 3 = =z.

The following rule, illustrated by Fig. 80¢, will be helpful:

Rule. To find Logy N, push hairline to d on a Lon scale, draw the
index of C under the hairline, push hairline to N on a Lon scale, under
hairline read Logs N on C. Place the decimal point as deseribed in §70.

Example. Find (a) Logs 81; (b) Logo. e 0.9718; (¢) Loge- 0.726.

Solution. (a) From L = TLog; 81, 3% = 81. Hence,
push hairline to 3 on Ln3,
draw left index of C under the hairline,
push hairline to 81 on Ln3,
under hairline read on C, 4 = L.
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The position of the decimal point could have been found
by inspection, or by the ‘“‘Same Scale’ principle of §70.

Solution. (b) From L = Logg g3 0.9718, 0.623% = 0.9718. Hence,
push hairline to 0.623 on Ln-2,
draw right index of € under the hairline,
push hairline to 0.9718 on Ln-1,
under hairline read on €, 0.0605 = Logy g2: 0.9718.

The decimal point was placed in accord with the “Same
Scale’” and “Tenth Power” principles of §70.

Solution. (¢) From L = Logs 0.726, 8 = 0.726. Hence,
push hairline to 8 on Ln3,
draw left index of ' under the hairline,
push hairline to 0.726 on Ln-2,
under hairline read on C, —0.154 = L,

The position of the decimal point was found in acecord-
ance with the “Same Scale”, the “Tenth Power” and
the “Mated Scale’ principles of §70.

EXERCISES

Tind the value of L in each of the equations:

1. L = Log: 100. 8. L = Log,10.

2. L = Logsy 81, 9. L = Logp.» 0.8.
3. L = Logi 32. 10. L = Lﬂgx,ag 0.8,
4, L = Logy0.471. 11. L = Logg.ss 3.47.
5. L = Logp .50 0.962. 12. L = Log.es 25.7.
6. L = Log. 1.682. 13. Log;10 = 2.78.
7. L = Logs 7.34. 14. Log; 68 = 0.91.

15. Find the logarithm to the base 3.34 of each of the following numbers:
42.5, 167, 0.96, 0.267, 0.045,

16. Find the logarithm to the base 0.45 of each of the following numbers:
0.682, 50, 100, 0.945.

73. Use of the Lon scales to evaluate logarithms to the base 10.
Logarithms to the base 10 are ealled common logarithms. The values
‘of these logarithms between 1 and 10 are published in tables and are
called the mantissas of common logarithms. These mantissas are used
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extensively to perform the processes of multiplication, division, raising
numbers to powers and extracting roots. When using these mantissas
for computation the logarithms must be put in a special form.

When it is required to obtain the values of the common logarithms
for purposes other than as computation tools, the Lon scales are espe-
cially serviceable since by using these scales, the common logarithm
is evaluated complete with its algebraic sign and decimal point.

For convenience in locating the decimal point in the logarithm, we
‘can make up a set of “Index Power Ranges” for logarithms to the
base 10. Set the index of C opposite 10 on the Ln8 scale and read the
digits 4-3-5 on the C scale opposite the index of the Ln3 scale. There-
fore, as described in §70, read:

On Ln3 107458 fo 1042
On Ln2 1090435 {g 100435
On Lni 10000435 5 ](0-0488
On Ln0 100000435 { o 1()0:00435
On Ln-0 100000438 {5 1()—0-00435
On Im-1 10—0-00435 5 J(—0-0435
On Ln-2 JO-0asT g 109280
On Ln-8 10=0:45% {0 10428

Since common logarithms are exponents of the base number 10,
these “Index Power Ranges’ are especially adapted for determining
the position of the decimal point in the logarithm.

Example. Find the common logarithms of the following numbers:
4.8 1.00452, 64.3, 0.684, 0.00220.

Solution. In determining the position of the decimal point and the
algebraic sign of each answer we use the “Index Power Ranges” for
logarithms to the base 10. In accord with the italicized rule of §72,
we make the following setting:

push the hairline to 10 on Ln3,

draw right index of ' under the hairline,

push hairline to 4.8 on In3,

under hairline read on €, 0.681 = Log:4.8,
interchange the indexes of C,

push the hairline to 1.00452 on Ln0,

under hairline read on €, 0.001960 = Log,;,1.00452,
push hairline to 64.3 on Ln3,

under hairline read on €, 1.81 = Log;;64.3,

8§73 VI. THE LON SCALES 127

push hairline to 0.684 on Ln-2,

under hairline read on €, —0.165 = Liog;0.684,
push hairline to 0.00220 on Ln-3,

under hairline read on €, —2.66 = Log,0.00220.

As an illustration of the importance of evaluating common loga-
rithms consider the formula

N
o= 10 LngN—;
‘where % is the ratio between two guantities of the same kind pos-
2

‘sessing the same unit of measure, and « is a number to which is given
the name decibel (db) in honor of the famous inventor, Alexander
‘Graham Bell, This formula is widely used in communicating systems
to express the ratio of any two amounts of electric or acoustic power
in the same units.

In particular, the number of decibels a corresponding to the ratio
between two amounts of electrical power P, and P, is

a = 10 Log, %1'- (a)
2

‘Also when two voltages Ey and Fs, or two currents Iy and I, operate
in identical impedances, then

(I7y)* By

ap = 10 Lugm W =20 L[}g_m Eg (b)
(I)? ! I
oy = 10 Ll'}g]o '(—I';—.)i = 20 Lf}gw _2 (c)

where ap and ey are expressed in decibels,

- Moreover, the intensity level o in decibels of a sound of intensity A
in watts/em? is

o A = 10 Logm % (d)

‘where \; is the intensity of an arbitrary standard, taken as 1071
‘watts/em? at 1000 cycles/see. This standard is the intensity of a

e

sound that is just audible to the human ear,
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Example. The sound on the deck of a carrier at jet take-off has an
approximate intensity of 8.9 X 10~* watts/cm® measured from the
reference intensity of the lowest sound audible to the normal ear,
which is taken as 10-'® watts/em?® Find the intensity level of the
noise of jet take-off.

Solution. Referring to formula (d) A = 8.9 X 10~* watts/cm?
and Ag = 107'® watts/em? Substituting these quantities in (d) we
obtain in accord with the rules of logarithms (see §61)

10L A 16Eon 8.9 x 10—
o5 gio)\u Z1n 10-

015

= 10 Logy, (8.9 X 1012).

The value of Logy, 8.9 is found from the following setting:
push hairline to 10 on Ln3,
draw right index of C under the hairline,
push hairline to 8.9 on Ln3,
under hairline read 0.95 on C,

The decimal point was placed in the answer by noting that 0.95 lies
between the “Index Power Range” 0.435 to 4.35 of the Ln3 scale
computed for common logarithms.

Lng 10t = 12, since L(}gm LOs==l}}
The result therefore is 10(0.95 + 12) = 120.5.

EXERCISES

Find the values of the common logarithms of the following numbers:

1. 3.47. 4. 1.82. 7. 1.0075.
2. 2920. 5. 0.313. 8. 1.0542,
3. 28.7. 6. 0.00031. 9. 0.0051.

10. In measurements of a sound under test, it is desired that the background
noise be a certain amount below the level being measured. Tf the ratio between
the intensity of the sound under test to the intensity of the background noise is
11.5 to 1, find the intensity level of the background noise, '

11. The rustle of leaves in a gentle breeze has an intensity of 4.95 % 10-1
watts/em?, and the standard reference intensity is 10-1* watts/cm? Find the
noise level of rustling leaves.

12. The intensities of various sounds referred to a standard intensity of 10-1¢
watts/em? are:
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Intensity Intensily
Sowrce of Sound (watts fem?) Sowrce of Sound (awalts/om®)

. Quiet house 9.2 X 1078 | Very loud thunder | 0.752 X 10~

Ordinary conversation. | 0.054 X 1072 | Threshold of pain | 9.0 X 10-%

Tind the intensity levels of the above sounds.

13. Using formula (b) above, find the number of decibels corresponding to the
following voltage ratios:

(@) 0.0131. (@) 7.21.
(b) 0.0075. () B.42.
(c) 0.682. (f) 1.0075.

14. Using formula (¢) above find the number of decibels corresponding to the
following current ratios: _
' (@) 0.024. (e) 7.43.
(b) 0.0072. (d) 10.6.

15. The neper is a unit of measure defined by

By

L

N n 7

where Ei and E; are voltages™and N is in nepers.
Find the number of decibels in one neper.

16. Clonstruet the graph of y = Logiee by plotfing the points whose abscissas
are x = 0.01, 1, 10, 20, 30,

74. Continuous relation of C scales to Lon scales. A visualization
of the continuous relationship of the C scale to each group of Lon
sceales is useful in the process of scale determination and location of
the decimal point.

Set the hairline to 1.015 on Lnl, then in accord with §70, under
the hairline find 1.015' on Ln2, 1.015' on Ln3, 1.015%! on Ln0,
1.015-°! on Ln-0, 1.015~! on Ln-1, 1.01571° on Ln-2, and 1.015-1%
on Ln-3.

Now with the hairline still set in the above position, draw the index
of € under the hairline and push the hairline to N on C. By so
doing each exponent is multiplied by N. Hence under this new
position of the hairline is found 1.015%'% on Ln0, 1.015Y on Lni,
1.015'9% on Ln2, 1.015" on In3, 1.015-% on Ln-0, 1.015~% on
Ln-1, 1.01571% on Ln-2, and 1.015-1%N on Ln-3.

Fig. 81 is a schematic illustration of the above discussion.
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o 1 N
In® 1.015-120 1.015- 100V
5 — 16N
L 101510 1.015-1¢
1.015! 015N
i a 1.015
—0.1 50N
7% 1.015 1.015
1.01501 10150
Lind.
1.015% 0159
Fad 5} 1.01
ing 1.0151 L0151
o 1015100
s 1.01500
Fia. 81.

As shown in Fig, 82, we ecan imagine the black Lons placed end-to-
end in one continuous scale opposite similarly placed red Lons and
four lengths of the € scale.

If we start with a number on Lnf, such as 1,015, the numbers
on the ¢ seale labeled (7) represent exponents from 0.01 to 0.1,
those on C seale (2) represent exponents from 0.1 to 1.0, those on
C (3) from 1.0 to 10, and thoese on € (4) from 10 to 100.

Ln-0 e IR Ln-2 Ln-3
¢ ) 10154 @ o5 2 (&) 1p15710 @ ‘o b ®
1015°% 105t 1015% 1015290
LnO tom Ln2 Ln3
Fia. 82

In general terms, if we set the index of C opposite a number N
on a Lon geale, under the index of €' on the other Lon scales we find
N raised to some positive or negative power of 10. Opposite any
number P on the C secale, we find N raised to the power of P times
some positive or negative power of 10.

Example. Ewvaluate (1.02)* %, (1.02) *%, (1.02)%° and (1.02)% 25
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F1a. 83.

Solution: Fig. 83 shows an arrangement in skeleton form of Scales
Lni, Ln2 and Ln8 placed end-to-end in one continuous scale opposite
another continuous scale made up of three C scales placed end-to-end.
Number these € scales from left to right (), (2) and (3). Referring
to Fig, 83, make the following setting:

push hairline to 1.02 on Lni,
draw left index of €' (I) under hairline,
‘on C (1) read on Lni, 1.0508 = 1.02%%,
opposite 25 < on C (2) read on Ln2, 1.642 = 1.02%,
\ton C (8) read on Ln3, 142 = 1.02%%,

By continuing the skeleton leftward so as to include a fourth C'
seale in the (-scale chain, say €' (0), while at the same time including
the Ln0 seale in the Lon-scale chain, opposite 25 on C (0) read
1.00496 = (1.02)"% on Ln0.

75. The proportion principle for Lon scales. Fig. 84 indicates a

‘glide rule with an index of the C scale set opposite N on any Lon

scale, 7 on C opposite P on the Lon scale, and s on C' opposite Q@
on the Lon scale.

z— |
o—
D= |—t
o

Fra. 84,

Applying the principle of §72, we get from Fig. 84
P =N Q=N

By taking the logarithm to the base e of these two equations an
applying logarithmic Law III §61, we get
InP=¢IlnN

Ini@) = s InXN.
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Equating the values of Ln N,
InP _ InQ
r S
Hence when three of the quantities in the above proportion are
known, the fourth can be found. The decimal point is placed in
accordance with the relations between numbers on the Lon scales
and the (' scale set forth in §§72 and 74.

Example 1. Find 2 in the proportion
on In3 scale: Lin 3.84 - Lin 9.63
on (' seale: 3 I z

Solution: Push hairline to 3.84 on Ln3,
draw 3 of C under the hairline,
push hairline to 9.63 on Ln3,
under the hairline read 5.05 on C.

The decimal point in 5.05 was placed in accord with the continuous
relation, explained in §74, between the € seale and the Lng scale.

Example 2. Find the value of z = 8.327-2/2:8,
Solution: Equate the Ln’s of the two members to obtain

7.2
Inz =— Ln 8.32, or
2.8

on Lnd scale: Ln x | Ln 8.32
on (' scale: 7.2 28

Push hairline to 8.32 on Ln3,
draw 28 of €' under the hairline,
push hairline to 72 on C,

under hairline read 232 on Ln3.

Here the “Same Scale’ prineciple of §70 indieates that z is to be
read on Lin3.
Example 3. Find z from ¢ = 514/0.854
-4
Solution: Write z in the form z = (0.8) ® and equate the In’s of
the two members to obtain

6.4
Inxz =—1Ln 0.8, or
51
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on Lon seales: Inz  In 0.8
on € scale: 64 51

Push hairline to 0.8 on Ln-2,

draw 51 on (! under the hairline,
push hairline to 64 on C,

under hairline read 0.9724 on Ln-1.

A brief study of Fig. 85 will show the reason for reading the result
on Ln-1. Whenever the operator is in doubt as to the position of a
decimal point or the scale to be used for a reading, he should visu-
alize the continuous relation of (' scales to Lon seales as shown in
Fig, 85. A rough sketch might be of help.

|  ogrea ¥ | ogo M | i [
o °
: i | | (58 5 4 R S S 9 O R Y I 1 A o
C Scale I G Scale I
, 1 1 1 1A IIP 1 | |l 11 II?O
a 2@ l_/ | o o
64 51
Fia. 85.

Example 4. Solve 0.72% = 28.7%-34,
Solution: Equate the Lin’s of the two members to obtain

2 Ln 0.72 = 1.34 Ln 28.7, or

In 0:72 Ln 28.7

138 g
ptish hairline to 0.72 on Ln-2,
draw 1.34 of € under the hairline,

push hairline to 28.7 on Ln3,
under hairline read —13.7 on C.

The minus sign in the answer was determined by noting in the
above proportion that Ln 0.72 is negative while Ln 28.7 is positive.
‘This can be seen from the legend numbers of seales Ln-2 and Ln-3.
;i& brief study of Fig. 86 in the light of §74 will indicate the reason
for the position of the decimal point in 13.7.
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Ln-1 Ln-2 Ln=-3
|_op v !
Qe T N TR (L TR T D |o°
1 G Scale C Scale
] (o3 I N IR I 2 Y T i1
o Q
o | | a1 R o |
| | 134 7] 287 |
3.7 Ln3
Fic. 86.
EXERCISES
55 o 0250
1. 3:82ra, 8. 0.865%1, 14, 0.0553 144,
n 0861
2. 148, 9. 0.953 %84, 2848
15. 1.456'172
3. 7.5450%, st
10. 0.953%%. e
<tk o 16. 1.45617%,
L 11. 0.953%%,
5. 1.0733829, 186
. 260 17. 1.45607,
6. 0.4767, 12. 0.055314, e
LX) 0.250 2768
7. 0.865217, 13. 0.05531-49, 18. 53.6 397

Solve the following equations for the unknown guantilies:
19. 1.14%72 = z, 24, 2.66% = 12.
1

20. 4.02* = 8.4. 25. 402 = (2.37)v +1,

21. 12v = 7.137. 26. Ses2 = 9.96,
22, 81* = 10. 27. 2.8753 = 174,
23. 14 = 4140, 28, 217 = 246,

Selve each equation for z:

29. 0.311= = 10.2. 33, 2 = 0.617.
30. 5.75% = 0.556. 34, 0.435° = 1.475.
31. 1.043= = 0.759. 35. 1.056-2'= = 0.623.
32. 0.95567 = 25.9. 36. 0.054-%7 = 1,355,

E2 47582 3 10264 3¢ 1019 = 1228 X 437 X 10" = 536 x 1010
'5.36 X 102,
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76. Numbers less than 0.00005 or greater than 30000. The

methods developed in this article and the next are to be used when

the operator, in attempting to solve a problem by previously dis-
cussed methods, finds that a required reading involves an extension
of the Lon scales. These scales represent numbers from 0.00005
to 30000 except for a gap between 0.999 and 1.001. This article

‘explains methods to be applied for very large numbers or very small

numbers ; the next article considers numbers between 0.999 and 1.001
The method of attack in finding powers d™ of very large or very

small numbers is to write the base d in the powers-of-ten notation,
‘then use the law of exponents (see §61) to resolve the power into

several parts, one an integral power of 10 and the others within the
range of the rule, and finally make the computation. The following

‘examples will illustrate the method:

Example. Evaluate: (a) 24%%2 (b) 247532 () (0.0000042)%
Solution: (a) 24592 = (24 X 10)%32 = 24532 x 1032 X 105,

‘Hence, evaluate 2.4%32 and 10°32 using the slide rule. Thus

to 2.4 on Lng set right index of (|

opposite 532 on C read on Ln3, 105.4 = 2.45-32;
to 10 on Ln3 set left index of C,

opposite 32 on C read on Ln2, 2.09 = 10932,

‘Therefore, 245-32=105.4X2.09X10°=220.5X 10°=2.205X 107

(b) 247532 = (247 X 10?532 = 24753 X ](0W0-6¢

Il

Il

(c) (0.0000042)2% = (42 X 10928 = 4223 X
10-18:80 = 4,223 5 ]10-080 X 10~ = 27.6 X 0.138 X 10~
3.81 X 1074,
To find the factor 10-0-38
set left index of C' to 10 on Ln3,
opposite 86 on C read on Ln-3, 0.138 = 10086,

Il

EXERCISES

1. 125.6%. Hint: (12566 X 10°)* = 1.256+ X 103
2. 85.6%%, Hint: (0.856 X 10%)#3% = 0,856 3 1098 = (0.856%32 3¢ 1006 ¢ 105,
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. 0.0001346%%, Hint: (1.346 X 107425 = 1,3462.06 3 1071040,
. 0.0008949:9, Hinf: (8.94 X 1074008 = 894003 s 10012,

. (@) 135.8%1, (b) 78.74%, (¢} 0.000125727, (d) 0.000827 50052,

. (@) 7.8452, (b) 9.36°7, (¢) 4.200%2, () 1.021032,

. 1021429,300. Hint: logie29,300 = logi293 + logia100.

(z)#* 72,000 72

=T O L b e

. Find z if 2%t = 72,000. Hint:—r = —/—— = ——,
8 z 2;3 7 (]_O}Sl 1031 Ioﬁl
42000
. Bi if 4= = 42, . Hint: 64> = ——
9. Find z if 6:4 000 647

10. Find x if 10* = 580,000,

11. Find z if 5.83% = 1.005.

12. The Dutch bought Manhattan Island from the Indians in 1620 for $24.
If this sum were invested at compound interest at 3% converted annually to
what would it amount to in 19607

77. Numbers between 0.999 and 1.001. Imagine a black Lon seale
representing numbers ranging from 1.0001 to 1.001 (see Fig. 87)
and call it the Ln00 scale. The ealibration marks on this scale, so
far as the slide rule is concerned, would coincide with the calibration
marks of the Ln0 scale.

| 1 1 1 | 1 | | B |
D 1 ? 3 ? 5 6 T B 9 }
LnOQ 10001 1.bc|302 10004 1001
LnQ 1001 1002 1.004 101
F1a. 87.

The only difference between the two scales would be that the
numbers associated with the Ln00 secale would contain one more
significant zero® than is contained in the numbers associated with
the Ln0 scale. Henece, the Ln0 seale could be used to represent an
Ln00 seale, by mentally adding a significant zero to each reading
on the Ln0 scale. Moreover, a seale, say Ln000, dealing with numbers
10 times as close to 1 as those of the Ln0o scale, eould be formed by
adding two signifieant zeroes fo each reading on the Ln0 seale, In
this manner, the Ln0 scale could be used to represent a whole series
of Lm scales which anight be called Ln00, Lno00, Ln0000, ete., each
seale dealing with numbers 10 times as close to 1 as its predecessor.

# Significant zeros are those to the right of the decimal point, before the first non-zero digit.
The number 0.0000508, for example, has four significant zeros.
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Similarly imagine a red Lon scale representing numbers ranging
from 0.9999 to 0.999 and designate it Ln-00. Its calibration marks
would coincide with those of the Ln-0 seale. The numbers repre-
sented by these marks in the case of the imaginary scale Ln-00
would contain one more 9 immediately following the decimal point
than the 9's contained in the corresponding numbers of the Ln-0
gcale. Henee, the Ln-0 scale could be used to represent an Ln-00
scale by adding a 9 to the 9’s immediately following the decimal point
contained in the numbers of the Ln-0 scale. Moreover by adding
9’s immediately after the decimal point to the numbers of the Ln-0
scale, a whole series of red Lon scales could be formed, say Ln-00,
Ln-000, Ln-0000, ete., each scale dealing with numbers 10 times as
close to 1 as its predecessor.

Note that with this scale designation, for the black Lon group
the number opposite the left index of D on any scale of this group
contains one more significant zero than the number of zeros in the label
of that scale. For the red Lon group the number opposite the left
index of D on any secale of this group contains two more 9's immedi-
ately following the decimal point than the number of zeros in the
label of that seale.

The following examples will illustrate methods of using the Ln0

‘and Ln-0 scales as imaginary Lon scales dealing with numbers between

0.999 and 1.001.

Example 1. Evaluate:

(a) 1.0005%* and 1.0005%¢; () 0.9995%* and 0.9995-%4,
Selution: (a) 1.0005 has three significant zeros; henee it would be on
the Ln00 scale (one seale below the Lno seale). Therefore,

push hairline fo 1.005 on Ln0 (considered as Ln00),

draw right index of C under the hairline,

push hairline to 34 on C,

under hairline read on Ln0, 1.001697 = 1.0005%*

and on Lnl, 1.01710 = 1.0005%,

(b) 0.9995 is on the imaginary scale Ln-00, one scale

above the Ln-0 scale. Therefore,

push hairline to 0.995 on Ln-0 (considered as Ln-00),
draw right index of €' under the hairline,

push hairline to 34 on C,

under hairline read on Ln-0, 0.998295 = 0.9995%4
and on Ln-1, 0.98310 = 0.0005%,
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Example 2. Find the set of values obtained by raising 127 to each
of the powers 0.1240, 0.0124, 0.00124, 0.000124, 0.0000124, —0.0124,
—0.00124, —0.000124.

Solution: push hairline to 127 on Ln3,
draw left index of C under the hairline,
push hairline to 124 on (,
under hairline read:
on Ln2, 1.822 = 127012
on Lnl, 1.0620 = 127 %0124
on Ln@, 1.00603 = 127°%0012¢
on Ln00, 1.000601 = 1270000124
on Ln000, 1.0000601 = 12700000124
on Ln-1, 0.9416 = 12700124
on Ln-0, 0.99401 = 127-0.00124
on Ln-00, 0.999401 = 127-0.000124

EXERCISES

1. Evaluate 1.0002%, 0.9996%, 1.0004%%, 1.0006%2,

2. Evaluate 9.55%-00%%,

3. Evaluate 0.04550-9%2 (0,045570-0062, (,04550:00052 (), (455000082

4. Evaluate 1.0006°% 0.9994° 1.0004%, 0.99963,

5. Find 1.0009% and 0.9991%.

6. Evaluate 1.00064 and 0.999358 to each of the powers 0.065, 0.65, 6.5, 65.

MISCELLANEOUS EXERCISES

Find the value of unknown quantities represented by z, y, and z in the follow-
ing equations:

1. z = 3.1521, 13. y = ~/0.608
2. z = 3.15%%8, 14, y = +/0.645.
3.y =e* 15. z = 0.078"-%,
4, 9y =N 16. z = 0.978°%180,
5. ¢ = 0.5501, 17. = = 1,350,
6. z = 0.55"%, 18. © = 1.35@%
7. x = /18.0. 19, y = g1
8. z = +/18.0. 20. y = /6.1
9. 3 = 05, 21. 2% = 235,
10. y = 0.35°%, 22. 3.22¢ = 11.0.
11. ¢ = els, 23. 2165 = 0,29,
12. ¢ = e19%, 24, 0.315% = 0.830.
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25. (a) What sum would be accumulated in 1000 years if $1,000 were placed at
interest @ X4 of 19 compounded quarterly?

(b) If the aceumulated sum in (a) were then placed at interest of 49, com-
pounded semi-annually for an additional 100 years, how much would be ac-
cumulated?

(¢) If instead of 100 years, the sum in (b) were placed at interest for 150
years, how much would be aceumulated?

(d) If in (b) the rate of interest were changed to 5%, how much would be
aceumulated in 150 years?

(e) If in (), the rate of interest remained the same but instead of being
compounded semi-annually, was compounded monthly, how much would be
aceumulated in 150 years?

78. Visual summary.

To find the powers of e: © = e

1. Push hairline to P on D, (k /@)

2. under hairline read ¢ on Lon ‘E \f'/ i
seale which contains P between i £
its legend numbers,

To find the power of any number: © = N?

1. Opposite N on a Lon scale set

index of C, \ ¢ 1 ’ i
2. push hairline to P on C, I LR ﬂ . h( {
3. under hairline read NP on & Lo = @{

:(151&12; airline rea on & Lon ®/ \@

To find the natural log, (log.) of a nwmber: z = In N

1. Pugh hairline to N on a Lon scale,
2. read Ln N on D,

2
—

Ln
3. position decimal point so Ln N Ln A
lies between legend numbers of ®/

Lon scale used.

*For scale seleetion and location of decimal point see §70.
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To find the common log (logw) of a number: » = Log N

Jo

1. Opposite 10 on Ln 3set index of €, l e N/ 3
c
2. push hairline to N on a Lon scale, i 1,

Ls X /.

3. under hairline read Log N on C.* @/ A

T'o find a log to any base: = = Logg N

1. Opposite B on a Lon scale, set @{
index of C, \ &y \"i‘*" S
2. push hairline to N on a Lon seale, | o % /ef ?
3. under hairline read Logg N on C.* ®/ @/
: 1
To find the reciprocal of o number: z = T
1. Push hairline to N on a Lon seale D 1,5//@)

1
2. read — under hairline on mated
Lon scale. Ln A

e

* For geale selection and loeation of decimal point see §70.

CHAPTER VII
THE SLIDE RULE: WHY AND HOW IT WORKS

79. Introduction. Earlier chapters in this manual have explained
the slide rule solutions of mathematical problems in terms of rules
and settings. They have told what to do, without explaining why
it is done in that manner. For those who find it easier to grasp and
remember rules if they understand the principles from which the
rules are derived, this chapter explains the basic operating principles
which underlie all the seales on the DECI-LON slide rule.

This chapter assumes very little mathematical knowledge on the
part of the reader; it starts with an explanation of exponents and
logarithms and proceeds through the discussion of each set of scales,
ending up with the Lon and Lon minus scales. Those who are well
versed in mathematics will find it easy enough to skip the ele-
mentary portions.

80. Powers, exponents and logarithms. A number can be multi-
plied by itself any number of times. For example, 2 X 2 = 4,
22X 2=8and2 X 2 X 2 X 2= 16

An exponent—a smaller number written above and to the right of
the base number—is the mathematical shorthand way of indieating
how many times the number appears in the product. Thus 22 (pro-
nounced “‘two squared”) = 2 X 2 = 4; 2% (pronounced “two cubed’)
= 2 X 2 X 2 = B8; 2* (pronounced “two to the fourth power’)
=2 X 2 X 2 X 2= 16. Similarly, 2° (two to the fifth power) is 32
and 2° is 64.

The product of two numbers, each representing some power of
the same base number, can be obtained by adding their exponents.
For example: 22 X 2* = 2%+ = 23 which is the same as 4 X} 8 = 32.

If 10 is used as the base number, then

10% = 1000, )
10* = 100, and, by general agreement,

141
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10! = 10 (any number raised to the exponent 1 is itself),
10° = 1 (any number to an exponent 0 is 1),

1
10 = — = 0.1,
10

1
10~ = — = 0.01, ete.
100

The exponents are not restricted to integers; they can be fractions
as well. For example, 10Y2 = ~/71p (square root of 10) = 3.16,
and 10Y4 = Y70 (fourth root of 10) = 1.78. Or if the decimal
forms of the fractions are used as exponents, these expressions can
be written as follows:

1005 = 3.16, and 10%% = 1.78.

Tables are compiled showing the value of various powers of 10,
for decimal exponents. A simplified portion of such a table is shown
in Fig. 88.

100-000 — 1 10778 = §
100801 — 9 100:845 — 7
100477 = 3 100808 — 8
100:802 — 4 100954 — 9
10069 — 5 101000 — 10

Frc. 88.

When used in this way, each decimal exponent of 10 is called the
logarithm to the base 10 of the particular number. In the shorthand
of mathematies, we write: logarithm of 2 to the base 10 = Log;, 2 =
0.301; Logio 3 = 0.477, ete. Note that

Lﬂgm 2 = 0.301 and
100 4E=2
are merely two different ways of saying exactly the same thing,

Suppose that the problem is to multiply 2 by 3, but that addition is
easier than multiplication. Remembering the rule that two numbers
having the same base can be multiplied by adding their exponents,
and noting from the above table that 2 = 10%%! and 3 = 10>,
you can perform the multiplication of 2 X 3 by writing 10°%"
X 109477 = 10°-801 + 04 — 10078 A table of logarithms similar to
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Tig. 88 shows that 10%78 = 6, and thus establishes that 2 X 3 = 6.
Another way of stating the same problem is: Log 2 4 Log 3 = Log 6.
Henceforth the designation of the base will be omitted; Log 2 will
denote Logy 2.

By operating with the logarithms of numbers rather than the
numbers themselves, a multiplication problem can be avoided and
replaced by a process of addition. Many numerical computations
are performed in this manner. Indeed, the technique of multiplying
two numbers by adding their logarithms is the basic underlying
prineiple of the slide rule.

81. Multiplication. By using two ordinary rulers, it is possible to
add two numbers by adding the corresponding lengths on the rulers,
as shown in Fig. 89.

w—=4
=3
o
L |

Bt
-——tn
D

Fia. 89.

On the € and D scales, the numbers are positioned according to
their logarithms. Since the product of two numbers can be obtained
by adding their logs, it follows that this product can be found on the
slide rule by adding the two logarithmic lengths on the C and D seales,
as shown in Fig. 90.

Log3

Log 6
Fra. 90.

The rule for multiplying by means of the slide rule is apparent

from Fig, 90. A glance at the figure shows that to multiply two
‘numbers, set the index of C opposite one of the numbers on D, push
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the hairline to the other number on € and read the product under
the hairline on D.

How is a logarithmie scale, like the D scale, actually eonstructed?
You merely take a scale on which all numbers are equidistant,
like an ordinary ruler, and on it locate the logs of the numbers.

The L scale on the slide rule is such a “ruler-type” seale. On it,
the distances between any two consecutive calibration marks are
equal. The numbers are slightly less than one inch (actually, on a
10-inch rule, 2.5 centimeters) apart. For convenience in measuring
lengths proportional to logarithms, the divisions of the L scale are
numbered .1, .2, .3, ete., instead of 1, 2, 3.

On the L seale, we locate 0.301—Log 2—and use this distance to
locate the primary mark 2 on the D seale. Fig. 91 illustrates the
process. The € scale, of course, is similar to the D seale.

.SJOI a7T .6(?2 B89 T8
|
i 1
0 ri o 1] b ]
D > Lo 6 1 b4
Log 2
Log 3
Fic. 91.

82, Division. Just as the product of two numbers is obtained by
adding their logarithms, the quotient of one number divided by
another is obtained by subtracting the logarithm of one number from
the logarithm of the other. The reader can verify from Fig. 88 the
fact that

8

Log 8 — Log 2 = Log 4 (E = 4) or that
10

Log 10 — Log 5 = Log 2 g=2 :

24
In a division problem such as 24 =+ 6, or =i the 24 is ealled the

dividend and the 6 the divisor. To divide by means of logarithms,
therefore, subtract the log of the divisor from the log of the dividend
to get the log of the quotient.
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Fig. 92 illustrates schematically the basic rule for division, P = —,

on the slide rule. First push the hairline to the dividend, M, on the
D scale, then draw the divisor, N, on the €' scale, under the hairline,
and opposite the index of the €' scale read the quotient, P, on the D
scale.

c1 3 4 5 T T gy
L N BN AR A ll‘lllllj W@H
1 2 e & ey T

4 M
Log P Log N

c—— Log M

Fra. 92.

83. Repedting cycles of scales. Table 88 shows 10%% = 1 and
10100 = 10. Similarly, 109 = 100 and 10*" = 1,000. In each
case notice that the part of the logarithm to the right of the decimal
point—ealled the mantissa—is the same, but the part of the logarithm
to the left of the decimal point—called the characteristic—is different.

Tig. 93 shows the complete logarithms—echaracteristic and mantissa
—for some common numbers,

10!’1.000 — 1’0 IOI.UUD = 10_0 10‘3.0“0 — 100‘0
1980t — 2 () 1022010 10230 -=900,0
100477 = 3.0 10%477 = 30.0 102477 = 300.0
10%:592 = 4.0 101802 =40.0 102992 = 400.0
109899 = 5.0 109598 = 50.0 10259 = 500.0
10978 — 6.0 1072 =600 10278 = 600.0
1109:845: — 5710 101845 = 70.0 102845 = 700.0
10%:9%% = 8.0 101-99% = .80.0 102998 = 800.0
1(-25%—9() 1254 — G().0 102954 = 900.0
Fic. 93.

This table clearly illustrates two basic prineiples which are funda-
mental to an understanding of logarithms and the slide rule.

First, read across any horizontal row and discover that the



146 Vil. WHY AND HOW IT WORKS §83

mantissas of the logarithms are the same although the characteristics
vary. Note also, when 1 is added fo the characteristic of a logarithm,
the decimal point of the number is shifted one place to the right,
and when 1 is subtracted from the characteristic, the decimal point
is shifted one place to the left in the number.

Second, read down the vertical columns and find that; numbers
between 1 and 9.999 ... have logs from 0.000 to 0.9999 ... (the
characteristic is always zero). Numbers between 10 and 99.999 . .,
have logs from 1.000 to 1.999... (the characteristic is always 1).
Numbers between 100 and 999.999 . . . have logs from 2.000t02.999 . . .
(the characteristic is always 2).

What does all this have to do with the slide rule? In the first place,
it should be noted that the (' and D seales represent only the mantissas
of the logarithms. That is why 246, or 2.46, or .00246, or 2,460,000
are all located at the same place on the C or D scale—the logarithms
of all these numbers have the same mantissas.

The D scale represents any one of the vertical eolumns in a table
like that in Fig. 93. The entire realm of numbers is really represented
by an endless suceession of D scales laid end-to-end, with the charac-
teristics added mentally, as shown in Fig. 94,

Numsers: .01-.09 .10-.99 1.0-9.9 10-99.9 100-999.9 1000-9999.9
D SBeavgs:
Loas: 2.00-2.99 T.00-1.99 0.00-0.99 1.00-1.99 2.00-2.99 3.00-3.99

Fra. 94.
Notice that as you move to the left, to encompass numbers smaller
than 1, the characteristics are negative. Since 10-200 — === 0.01,

it follows that Log 0.01 = 2.00. Notice also that the minus sign is
placed above the characteristic and not in front of it, as a reminder
that only the characteristie is negative, not the mantissa.

This endlessly repetitive nature of the logarithmie seales explains one
principle which usually puzzles slide-rule beginners—namely, the
ability to use either index of a seale.

When multiplying 2 by 3 (see Fig. 90), the left index of the C scale is
used and we seem to be working ‘“‘to the right”. But when multiply-
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ing 3 by 4, the right index of the C scale is used, and we seem to
be working in the opposite direction. Actually, an imaginary D secale
to the left of the actual scale is used as shown in Fig. 95—the basic
‘operation is the same.

Log 4
L 2 3 4q 5 6 T8
— Liliss |g|]![,| f|||1?TT_
}_i z e Lo é?‘\lalllz 2 3 T
T Log 3 J
Log 12
Fia. 95.

Hence, regardless of how small or large the numbers may be, multi-
plication is accomplished on the slide rule by pushing the hairline to
the multiplier on the slide; division by drawing the divisor on the
slide under the hairline.

84, Using the L scale as a table of logarithms. As demonstrated
in Fig. 91, any number N on the € scale is opposite Log,q N on the
L scale. Therefore, the L secale can be used as a table of logarithms
to the base 10. These logarithms are called “‘common logarithms’,

For example, to find Log 450 using the L seale push the hairline to
450 on the C scale and under the hairline find 653 on the L seale.
This is the mantissa of Log 450; what is its characteristic? The rules
for determining the characteristic are:

1. Forlogarithms of 1 and numbers greater than 1, the characteristic
iz one less than the number of digits to the left of the decimal
point.

For example, Logs of 17, 43.487, or 22 will have 1 as a char-

acteristic; Logs of 7, 4301, or 9.99 will have 0 as a charac-

teristic. In the above example, in aceord with Rule (1),
Log 450 = 2.653.

2. For logarithms of numbers less than 1, in the form of decimal
fractions, the echaracteristic is negative and is one more than the
number of zeros between the decimal point and the first significant
(non-zero) digit.

For example, Logs of 0.014, 0.08, or 0.07890 will have —2
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as a characteristie; Logs of 0.9000, 0.1, or 0.5876 will have
—1 as a characteristic.
For practice, the reader can use the € and L scales to verify that:
Log 144 = 2.158; log 12 = 1.079; Log 8.56 = 0.932; Log 0.00306
= 3.486; Log 794,330 = 5.900.

85. The folded scales. When an attempt is made to multiply
2 by 6 using the left index of the C scale (Fig. 96), it is impossible to
complete the operation with the slide in this position because 6 on C
is out beyond the end of the D scale. Although it is possible to solve
this problem by interchanging the indexes and setting the right index
of C opposite 2 on D, the designers of the slide rule have invented a
more convenient method.

[

N ——t

b3

oi—]
-
o

Fic. 96.

Suppose an extra set of D and C seales is added to the slide rule
(Fig. 97), but instead of the left index of each scale occupying its
normal position at the left end of the body and slide, each scale is
shifted to the right the same distance so that its left index is positioned
somewhere near the middle. The righthand portion of each of these
scales, which would extend beyond the right end of the slide rule, is
simply transplanted, or “folded”, around to the lefthand side, as
indicated by the dotted lines, These new secales are called the ('F
and DF (“F" for “folded”) scales.
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Now, regardless of the position of the index of each of these folded
seales, any two numbers which are opposite each other in any setting
of the € and D scales will also be opposite each other on the CF and
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DF scales. Fig. 98 illustrates why this is so. When the index of C
is set @ units to the right of the index of D, the index of CF is simulta-
neously set x units to the right of the index of DF.
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If for any setting of the slide it is impossible to read a pair of op-
posite numbers on the C and D seales, it will usually be possible to
read the required pair on the CF and DF scales. Fig. 99 shows
schematically that the process of multiplying by adding lengths
works in exactly the same way on both pairs of seales.

Log 30
Logls | Log 2
L oeF_ ¢ § & 1 :{5 % 3 |
CF 7 2

e 2 3 4 3 57199/
| D i 5 3 4 1

— Loglh Log 2

Log 20
Fra. 99.

These principles apply regardless of the location of the indexes of
the folded scales, provided that these indexes are opposite each other
‘when the rule is closed. Since the location of these indexes is arbitrary,
and since it is deemed more advantageous to locate them at =, the
folded secales are displaced to the left a distance equal to the Log of 7.
‘This is shown in Fig. 100, in which the dotted lines represent an
imaginary repetition of the DF seale. Thus, when the hairline is set
‘to any number N on the D seale, it is automatically set to Log = +
Log N on the DF secale. Since Log N + Log = = Log N, a very ef-
fective and convenient way of multiplying by = has been invented.
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Fig. 100.

Opposite any number, N, on the D scale find = N on the DF seale;
opposite any number, M, on the DF seale find :—_Ion the D scale. The
same principle, of course, applies to the €' and CF scales.

86. The inverted scales. The reciprocal of a number is, by defini-
tion, 1 divided by the number. Thus the reciprocal of 2 = 3 = 0.5,
the reciprocal of 13 = 1/13 = 0.0769, and the reciprocal of @ = 1/a.

We frequently wish to multiply or divide by the reciprocal of a
given number. To multiply 5 by the reciproeal of 7, for example, we
could use the C'and D scales to find that 1/7 = 0.143, and then multi-
ply & by 0.143. But here again the designers of the slide rule have
invented another set of scales—the dnverted scales—swhich enable us
to multiply or divide by a reeiprocal in one setting.

The scales which make this possible are called the inverted or
reciprocal scales. These scales are labeled DI, €I, and CIF. They
are calibrated and numbered like the D, €, and CF scales, respectively,
but in the reverse (or inverted) order; that is, the numbers increase
from right to left. Fig. 101 shows a comparison between the number-
ing on the D seale and DI scale.

Log N o
rn i 5 5 4 5§ &t 851
Bl 258 7 6 5! 3 3 2 1
S LOgP
Log 10-Log N=Log-']g-
Log 10

Fic. 101.

Let N designate any calibration mark on the D scale. Then N is
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located at a distance equivalent to Log N from the lefthand index of
the D scale. Let P be the mark on the DI scale opposite N on the
D scale. Since the entire length of each scale is equivalent to Log 10%

- it follows that

Log N + Log P = Log 10.

Thus

10 10
Log P = Log 10 — Log N = Log ¥ or Pl= —

Therefore, except for the position of the decimal point, P is the re-
ciprocal of N, Hence, opposite any number P on the DI scale the re-
ciprocal of P is found on the D scale after placing the decimal point
correctly. By a similar process of reasoning it can be shown that
opposite any number on D is its reciprocal on DI. The same logic
applies, of course, to the C and €I and the CF and CIF scales.

The inverted scales facilitate many continuing series of slide rule
operations because they make possible this procedure:

To multiply by the reciprocal of a number, N, push the hairline to
N on CI; to divide by the reciprocal of a number N, draw N of CI
under the hairline.

As explained in §21, it is frequently convenient and mathematically
equivalent to multiply by the reeciprocal of & number instead of
dividing by the number, or to divide by the reciprocal instead of
multiplying by the number,

The CIF scale is both inverted and folded. If the position of the
slide makes it impossible to push the hairline to a number on CI, we
ean often loeate it on C'IF instead.

87. The A, B, and Sq scales. Before considering how the slide rule
deals with squares, square roots, cubes, and cube roots, it may be
well to recall the following rule of logarithms and exponents:

Log N* = P Log N,
For example, Log 8' = 4 Log 8, Log 17'4% = 14,56 Log 17, and
Log 9+= 2 Log 9.
_ *Todetermine the value of the entire seale length, consider that if we let the loft index represent
dog 10, the right index represents Log 100; the entire scale thersfore represents Liog 100 — Log 10
= Log %’1 = Log 10, Bimilarly if we conzider the left index ns Log 100, the right index represents
Log 1000 and the difference is still Log 10.
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The A and B scales are similar to the € and D seales except that
the intervals on A and B are exactly half as long as those on € and D,

zLogN»
Log N?

A 2 4 GNg 1 2 M 4 6 81
| | | Ll [ ] | 1 1
| 1 5@t : T L T T

D 1 2 N3 4 56 7 8 91
e legiN =

Fic. 102.

A number N is loeated on the D scale by measuring off a distance
equivalent to Log N from the left index of D. But since the intervals
on the A scale are only half as long, that same distance (Fig. 102)
represents 2 Log N, or Log N2, on the A scale. Therefore, opposite
a number N on D find N* en A: opposite a number M on 4 find
M2 or /M on D. A similar statement applies, of course, to the
C and B scales.

When finding a square root by reading from a number on the A
seale to its oppesite on the D scale, it is important to determine which
hall of the A seale to use. This table shows why:

Log VN=
N Log N 1/2 Log N VN
4 0.602 0.301 2
40 1.602 0.801 6.32
400 2.602 1.301 20
4000 3.602 1.801 63.20
40,000 4.602 2.301 200

Note that the Logs of v/4, /400, and /40,000 have the same
mantissa, which is different from the mantissa of the Logs of /40
and +/4,000. Therefore the primary number 4 on the left half of
the A scale can be used for finding the square roots of 4, 400, 40,000,
and any number whose logarithm has a characteristic of zero or an
even number, but not for 40, 4,000, ete. The primary mark 4 on the
right half of the A seale is used in finding the square roots of 40,
4,000, 400,000 and any number whose logarithm has an odd character-
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istic. The table also illustrates why moving the decimal point two
places in N is equivalent to moving it one place in v/N. The use of
this prineiple in loeating the decimal point in square roots is explained
in §28.

The square scales Sg/ and Sg2 are similar to the basic C and D
scales, except that divisions of the square scales are twice the size of
divisions on the (' and D scales. Therefore, opposite any number N
on scale Sgi or S¢2 find its square, N2, on D. Opposite any number
M on D read its square root, V' M, on S¢I or S¢2. Here again, in find-
ing square roots, we must determine which square seale to use; the
process is similar to that of determining which half of the A scale
to use, and is explained in §33.

Fig. 108 is a convenient visual summary of the relationships be-
tween numbers on the D, A, and Sg seales. Circled numbers indicafe
the “starting point”. Fig. 104 illustrates schematically the relation-
ships among the seales themselves.

83z N N* ®
D ® NE N
A N ® N
Fia, 103.
Sql Sq2
i 7 ? A L N (O s (0
D D
1 ? i e % I O L
PAe ?‘.‘;‘?.?.% i '??&‘?.‘?1?& 2 ?‘.‘l?g?l} G f_‘?.?f‘?&

Fia. 104,

In addition to using the 4, B, and Sg scales for finding the tabular
values of squares or square roots, these seales can be used for multiply-
ing or dividing by squares or square roots. The following procedure
will become apparent by reference to Fig. 103:

To multiply by /N, push the hairline to N on B (since this is op-
posite v/N on C);

To divide by +/N, draw N of B under the hairline (sinee this is
“equivalent to drawing /N of C under the hairline).
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Problems requiring multiplication by squares can be handled in one
of two ways:
2 XY

If there is one square in the numerator of a fraction, asin
2

start by pushing the hairline to 2 on SqZ or Sg2, since this is the
same as pushing it to #2on D. This is the method illustrated in §27.
If a fraction contains several squares, it is often useful to convert
the entire expression into a square. Thus
o2 Xy Xz

( rXVyXe )2
pXVg /)

The expression inside the parenthesis can be evaluated by using
the C and D scales for , 2, and p, and the B scale for v/, and /g,
and at the end squaring the quotient by reading the answer on the A
seale instead of the D seale.

can be expressed as

If the hairline is pushed to the radius of a cirele » on an Sg secale,
the area of the circle can immediately be read under the hairline on
DF. Fig. 105 indicates the reason.

| Sq I Ir
DF | mr® 5
L D :l_ l,.a ]I_ J
Fia. 105.

88. The K scale. The K scale is a logarithmic scale with divisions
one-third as long as those on the €' and D scales. By a process of
reasoning similar to that used in explaining the A and B seales, it
can readily be seen (Iig. 106) that opposite N on D is N? on K,
and opposite M on K is /7 on D. Selection of the correct portion
of the K scale is deseribed in §30.

D 1 N VT 1
K 1 N M 1
Fia. 106.
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89. The trigonometric scales. The three trigonometric scales
labeled S, SET and T are all on the slide. The graduation marks on
these scales represent angles and decimal fractions of angles. These
scales are a crystallization of many ideas introduced over a long
period of time.

The basic tasks required of these scales are that they be, in effect:
(1) a table giving the numerical values of the trigonometric func-

tions, and
(2) a computation device by means of which combined operation

problems involving trigonometrie functions can be rapidly and
simply solved.

Sinee the numerical values of the trigonometric functions are them-
selves merely numbers, the design of the trigonometric scales parallels
the design of the basic scales D and (. Thus the intervals between
calibration marks on the trigonometric scales are proportional to the
logs of the frigonometric funetions, just as the intervals on the ¢ and
D scales are proportional to the logs of numbers. Consequently,
multiplication and division involving the trigonometric functions can
be accomplished on the slide rule by manually adding or subtracting
their logarithms.

To illustrate the basic prineiples of all three trigonometrie seales,
let us construct the sine seale, S, similar to the construction of the
basic C and D scales. The “ruler-type” L scale will be used as a
yardstick.

0 L
= 9 L\‘-‘m N an sing
S il
D N sin @
LogN
Log sing:

Fra. 107,

Fig. 107 illustrates the relationship between the L, D, and S (sine)
seales. To enable us to multiply by N, it was necessary to measure a
distance proportional to Log N on the D scale. This was done by
placing N on the D scale opposite the valie of Log N on the L scale
(for example, 3 on the D seale is opposite Log 3 = 0.477 on the L
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seale). Similarly, to measure a distance proportional to Log sin 0
(the logarithm of the sine of ) on the S seale, place  opposite the
numerical value of Log sin @ on the L scale. Then (as Fig. 107 shows),
just as N on D is opposite Log N on L, similarly sin 6 on D is opposite
Log sin 6 on L, and also opposite 8 on S.

As an example, with the slide closed, push the hairline to 30° on
the S scale. Under the hairline read 0.5 = sin 30° on D and on the
L scale Log sin 30° = Log 0.500 = 1.699.

Now that we have a logarithmic sine scale we can multiply by sin 6
by pushing the hairline to 8 on 8, or divide by sin 8 by drawing 6 of 8
under the hairline. TFig. 108 shows schematically how to multiply N
by sin 6.

l———Logsin 8 ————~
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each logarithmic scale on the slide rule represents one complete cycle
of mantissas having the same characteristic, the left index of the sine
seale must correspond with an angle having a Log sin equal to T.000
on the L scale, or an angle of approximately 5.7°,

To take care of the smaller angles, another sine seale is constructed
for angles whose log sines have a characteristic of —2; that is, angles
whose sines range from 0.0100 to 0.0999. These are the angles from
0.57° to 5.7°. Tor these small angles, the sine, tangent, and value
of the angle in radians are all approximately equal. Therefore this
same scale can be used for finding tabular values of, and for multi-
plication by, sine, radians and tangents of small angles. This scale
is called the SRT (Sine, Radian, Tangent) scale.

A somewhat different principle is employed in the design of the
tangent scale, 7. Consider the values of the tangents and the logs
of the tangents of the following angles:

g
2] |

|
Nsing

Log N

Log, LNISInE) ———

F1c. 108.

One minor difficulty is encountered in constructing the S scale.
The following table shows descending values of the angle 6, the sine
of 6, and Log sin 6:

Angle Tangent Log of tangent
5.0° 0.087 2.942
a1° 0.100 1.000
20.0° 0.364 1.561
30.0° 0.577 1.761
45.0° 1.000 0.000
60.0° 1.732 0.239
70.0° 2.747 0.439
84.29° 10.000 1.000
85.00° 11.430 1.058

0 sin 0 TLog sin0
40° 0.643 1.808
30° 0.500 1.699
20° 0.342 1.534
10° 0.174 1.240
6° 0.104 1.019
57" 0.100 1.000
5° 0.087 .940

Between 6° and 5°, the mantissas run right off the left end of _the
L scale, because the characteristic changes from —1 to —2. Since

It will be seen that all the angles between 5.71° and 45° have tan-
gents ranging from 0.10 to 1.00; their logs all have characteristics of
—1. Therefore [Fig. 109(a)] a T scale can be marked off in angles from
5.71° to 45° with the distances from the left index in proportion to
the logs of the tangents.

Log fan §—

5,71 : 45° o
i 15 ________ j___f‘ =
C ————————— ———

1 fan @ 10 tan B 100

Fic. 109(a).
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F1c. 109 (B)

Angles from 45° to 84.29° have tangents ranging from 1.00 to 10.00;
their logs all have characteristics of 0. We could theoretically add
another T' scale and another C scale off to the right, as indicated by
the dotted lines in Fig. 109(a). But we can accomplish the same result
in a manner that is more convenient, and at the same time does not
require an additional scale.

As shown in Fig. 109(b), take the angles from 45° to 84.29° and super-
impose them on the T scale, except in this case we read from right to
left with the figures in red. To read the tangents of these angles we
need a basic logarithmie scale reading from right to left—and the ¢
seale is just such a secale.

To find the tangents of angles from 5.71° to 45° therefore, we use
the black figures on the 7' scale and read the tangents on the C scale;
to find tangents of angles from 45° to 84.29°, we use the red figures
on the T scale and read the tangents on CI on the other side of the
rule, or, with the slide closed, on the DI scale on the same side as
the trigonometric scales. As indicated by the legend at the end of
the T scale, tangents of the black angles (on () have values from
0.1 o 1.0; tangents of the red angles (on CI) have values from
1.0 te 10.0.

The complement of an angle is 90° minus the angle. Thus the com-
plement of 30° = 90° — 30° = 60°. By using trigonometric identities
applying to complementary angles, it is possible to make the trigo-
nometric scales do double duty.

I S (RED) V=752 (BLAGK)
C cos 75° SIN15°

Fig. 110.
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From trigonometry recall that sin A = cos (90> — A). Thus sin
22° = cos 68% sin 70° = cos 20° and so on. Hach ealibration mark
on the S scale (Fig. 110) represents both an angle and its complement.
Opposite each “black” angle is its sine on C; opposite each “red”
angle is its cosine on C.

Similarly, each ealibration mark on the T seale represents both an
angle and its complement, Because tan A = cot (90° — A), these
relationships apply (Fig. 111):

i (RED) a'es‘lezﬁdsmcm

Cl (RED) TAN 68°coT 22°

C (BLACK) COT ©8°TAN 22°
Fig, 111.

Opposite a “black” angle on T, read its tangent on the black scale,
C, and its cotangent on the red scale, CI. Opposite a “red” angle
on 7, read ifs tangent on the red scale, CI, and its cotangent on the
black seale, C.

These rules can easily be remembered by the following summary:

On T On CorCI
To find a tangent: read from black to black

or red to red.
To find a cotangent: rvead from black to red
or red to black.

90. The Lon scales. In §87 it is shown how 8% is found by using
the A seale, and in §88 how 8% is found by using the K seale, The
question naturally arises what happens if some power like 87 or
1779082 ig required.

Before proceeding further let us pause to examine more closely
the role played by logarithms in these processes and the corresponding
role assumed by the slide rule. Consider, for example, the problem
of finding # in the equation:

=003,
To solve this equation by means of logarithms, equate the logarithm
of the left member of this equation to the logarithm of the right
member to obtain
Log z = Log 2 - Log 3.
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The geparate values of Log 2 and Log 3 are obtained from a table
of logarithms. These values are then added and the table is re-
entered to find the number corresponding to this logarithmic sum.
This number, called the antilog, is the value of .

Now the slide rule is an instrument which is capable of mechanically
adding logarithms without performing the chore of looking up their
separate numerical values in a table, and in addition yields the antilog
of the logarithmic sum without recourse to the same table.

So, just as logarithms are employed to simplify the process of
multiplication and division, the slide rule is used to simplify the
process of logarithmic procedure.

It will presently be demonstrated how logarithms reduce the
problem of finding the power of a number first to a problem of
multiplication and then to a problem of addition. We shall then
see how the slide rule takes over and still further simplifies this
logarithmiec process.

Now consider the logarithmic procedure for finding 8!7. First
write

o = 8T (1)
and equate the logarithms of both sides of (1) to obtain
Log @ = Log 8+" = 1.7 X Log 8. (2)

The right hand side of (2) involves a multiplication. To perform
this multiplication by means of logarithms, equate the logarithm of
the left member of (2) to that of the right to obtain

logarithm of Log # = Log 1.7 + logarithm of Log 8. (3)

In other words, to operate with any power or root of any number,
a new kind of seale is needed, on which the distances are proportional
to the logarithms of the logarithms of numbers,

In the design of all the scales so far considered, logarithms to the
base 10, or common logarithms, were employed.

In designing this new scale which involves ‘“logarithms of loga-
rithms” it was found more advantageous to employ a different
logarithmic base.

The mathematical constant e is so important in many branches
of mathematics and engineering that it is often desirable to work
with logarithms to the base e, instead of to the base 10, These
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logarithms to the base e are called Napierian logarithms, or natural
logarithms. To avoid confusion, let us eall the common logarithms
“logs’’ and write them as Log z; and call the natural logarithms
“lons’ and write them as Ln z.

Before laying out our Lon scales, let us look at some of the powers
of e:

g8 = D therefore Ln 2 = 0.693
el = 2718 i Lin 2.718 = 1.000
g = 5 o Inb = 1.609
ehW = 7 .38 # In 7.38 = 2.000
eoE = 10 4 Ln 10 = 2.303.

The table illustrates one important way in which lons differ from
logs. Each lon is a complete number, including the decimal point
and the digits to the left of it. We can not “unhook” the mantissa,
as we can with common logs, because the powers of ¢ do not produce
repeating patterns of digits the way the powers of 10 do. There

is an obvious relationship between the exponents and the powers

in 10%%% = 2,094, 10%-%21 = 20,94, and 10232 = 209.40. There
is no such pattern in e**! = 1.38, ¢!-#! = 3.75, and 232! = 10.2.

By providing a scale on which-distances are in proportion to the
common logarithms of the natural logarithms, we accomplish two
basic purposes:

1. we can use “logs of lons” to solve equations involving powers
or roots, as in equation (3) above; and,

2. by basing this new scale on lons instead of logs, the tabular
values of lons and powers of e can be found, and computations

involving such numbers can be made.

In laying out the Lon scales the L scale was used as the unit of
measure in the same manner as it was used in laying out the ¢ and
D scales, except the log of ILn N is located on the L scale instead
of the log of number N,

To determine where to place “10” on our Lon scale, for example,

we determine that ILm 10 = 2.30259. Log 2.30259 = 0.36222.

Therefore (Fig. 112) we place 10 on the Lon scale opposite 0.362 on
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the I scale. Similarly,

to locate 50: Ln 50 = 3.912 Log 3.912 = 0.5924 on L,
R In 5 1.609 Log 1.609 = 0.2066 “
- In3 1.099 TLog 1.099 = 0.0410 “ .

L 004l0 02086 03622 0.5924
1 % ! 1
D s 1809 2302 3912 ,
Ln3 3 5 10 50 100 oo ooo 3
Fig. 112,

The next question is: what numbers will appear on the Lon scale
opposite the indexes of the L scale? As Fig. 112 indicates, the
common logs on the L scale have eharacteristics of 0, ranging from
0.00 at the left index to 1.00 at the right index. Therefore (Fig. 113),
the left index represents a number whose lon has a log of 0. The lon,
therefore, is 1 because 10° = 1, If the lon is 1, the number on the
Lon scale must be e itself, since ¢! = ¢, or Ln e = 1. Similarly, at
the right index we find ', since this number has a lon of 10, and
Log 10 = 1.00.

L 00004l 0207 0362 ___osge 10
D iaa 16 23 4
Ln3 T 3 5 10 50 100 1000 10805
2.7I8 L
gl
Fre, 113.

Therefore, on the Lon scale just laid out, the primary numbers
run from e' (2.718) to e (22,026); and the logs of their lons, laid out
on the L scale, have characteristics of 0. Now (Fig. 114) make up
three additional Lon scales, place them end to end, and attach them
to the left end of the scale just constructed. Place an L scale adjacent
to each of these Lon scales. The numbers on the Lon scale next
to the original would range from ¢! (1.01) to ¢ (2.718) and the
logs of their lons on the adjacent L seale would have characteristics
of —1. On the next Lon scale the numbers would range from €%
to ¢! and the logs of their lons on the adjacent L scale would have
characteristics of —2. On the final Lon scale the numbers would
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range from %! to ¢"% and the logs of their lons would have char-
acteristics of —3.

Liogs of lous L 1) 'S =
of numbers: 3.00 to Z.00 2,00 to 100 T.00 to 0.00 0.00 to 1.00

L secales:

Lons of numbers: 0.001400.01 0.01 to 0.1 0.1 to 1.0 1.0 to 10.0
Lon seales:

Numbers: i oY AL (ol T & to el-o el o et
Label on Lon scale: Lm0 Ln 1 ing Ln g

Fra. 114,

This is exactly what has been done on the DECI-LON slide rule,
except that the four seales, instead of extending off to the left, have
been labeled Ln0, Lnl, Lm2 and Ln3 and placed one above the other.
The legend at the right of each scale indicates the powers of e repre-
sented on that secale. The four red Lon scales, for powers of e with
negative exponents, are constructed in a similar manner.

It would hardly be practieal to add another Lon secale to the right
of Ln3, as it would have to include the numbers from e (22,026)
to e (26,885,000,000,000,000,000,000,000,000,000,000,000,000,000
approximately) and it would be a little difficult to design the scale.

The relationship between the Lon scales and the D scale is illus-
trated in Fig. 115. Opposite N on a Lon scale is Log In N on L,
since that is the way we constructed the Lon seale. But just as
M on D is opposite Log M on L, in the same way Ln N on D is
opposite Log Ln N on L. Therefore, In N on D is opposite N on
the Lon seale. We can therefore find the lon of a number by pushing
the hairline to the number on a Lon seale and reading the lon on
the D seale. Tig. 114 verifies the relationship between the legend
of the Lon scale (middle row in Fig. 114) and the decimal point
in the lon.

Ln? M Log I_In N
M LhN
N 1

gUf"

Fi1a. 115,



164 Vil. WHY AND HOW IT WORKS §90

Getting back to the problem of finding # = 87, we can now take
the lons (instead of the logs) of both sides of the equation to get:

Inz = 1.7In8. (4)
Taking the common logs of both sides of (4), we have:
Log (Ln @) = Log 1.7 + Log (Ln 8). (5)

The setting is shown schematically in Fig. 116. Note that when
any equation is put into the form of (5), it is easy to remember
that the lons are located on a Lon scale, and the logs on the C or other
basic logarithmic scale.

l-—l,oqlrr—-
e {

Lnd § ] 342

Log(Ln8)
Log({Ln8}+ Log 1.7 ———

Fia. 116,

Finally, consider the basic relationship between the Lon scales
and the D scale (Fig. 117). We have seen that Ln N on D is opposite
N on a Lon scale.

Let x = ILn N. That means that
e* = N.
Hence in Fig. 117 we can substitute = for Ln N, and ¢ for N. This
illustrates the function of the Lon scales in finding powers of e.

D Lnh=x J
Enty; Nee¥
Fre. 117.

The practical applications of these relationships between the Lon
scales and the other scales in finding powers, roots, lons, and logs are
explained in Chapter VI.

APPENDIX A
LOCATING MARKS FOR BASIC CONSTANTS

The C, D, A, and B scales on the reverse or “red” side of the
DECI-LON slide rule include several locating marks to facilitate
computations involving frequently used basic constants.

Multiplying or diwviding by multiples of w.
On the C and D scales appear the mark “=” at 3.142, the mark

w
“2%" at 6.28, and a tick mark designating a1 at 0.785. The use of
these marks makes it unnecessary to recall the numerical values

™
when multiplying or dividing by =, 2%, or—;, and also insures a more

accurate setting.

Multiplying or dividing by /= or v/,

In combined operations, the values on the 4 and B secales represent
square roots wlien these scales are used in conjunction with the ¢
and D scales. Pushing the hairline to N on the B scale, for example,
is equivalent to pushing it to VN on the C scale, and therefore has
the effect of multiplying by V. N.

The value 3.14 is designated by the mark “r” on the left half of
the A and B scales. In combined operations, multiply by vz by
pushing the hairline to this mark on B, or divide by V= by drawing
this mark of B under the hairline.

The tick mark just before the 8 on the right half of the A and B
T
scale locates e This mark is used to find the area of a circle when
the diameter, d, is given. To find the area;

set the index of C opposite the diameter, d, on the D scale,

165



166 LOCATING MARKS FOR BASIC CONSTANTS

push the hairline to the g tick mark on B,
under the hairline read the area on 4.

Vi

This setting is explained by the fact that 4 = zdz. Note that the

answer is read on the A scale, not the D scale.

An alternative method for finding the area from the diameter, using
the Sqf and Sg2 seales, is given in §26.

Finding sines of angles given in minutes or seconds.

For convenience in finding the sines of small angles expressed in
seconds or minutes there are two locating marks on the € and D
scales on the reverse side of the DECI-LON. The minute mark () is
just before the 3 (actual value, 0.0002909) and the second mark (")
just before the 5 (actual value, 0.000004848).

To find the sine of an angle expressed in minutes:
set index of slide to the minute mark on D,
opposite any number on €' (or CF) representing minutes
read the sine on D (or DF). '

The seconds mark is used in the same way. To locate the decimal
point it is easy to remember that sin 1" is approximately “decimal-
five-zeros-five” (0.000005) and sin 1’ is approximately ‘‘decimal-
three-zeros-three” (0.0003),

Converting degrees to radians, or radians o degrees.

The locating mark “R’ on the €' and D scales on the reverse face
of the DECI-LON is used to convert angles from radians to degrees,
or degrees to radians. To use it:

get right index of € to “R"” mark on D,

opposite any value on €' (or CF) in radians read
same angle in degrees on D (or DF);

opposite any value on D (or DF) in degrees read
same angle in radians on C' (or CF),

To locate the decimal point recall that 1 radian is approximately 57.3°.

Another method for converting radians into degrees and viee versa
using the SRT secale is explained in $41.

APPENDIX B
CONVERSION FACTORS

The following tables show a simplified slide rule method of conver-
sion from various units of measurement to others.

For instance: 1 inch = 2.54 centimeters. To convert inches to
centimeters, set the index of the U scale to 2.54 on the D seale. Then
all readings on the € (CF) seale will represent inches, and the cor-
responding reddings on the D (DF) scale will show the equivalents in
centimeters (with proper attention to decimal points).

Set indezof  On € (OF) scale On D (DF) scals

: o . C scale to D read meas- read equit-
LINEAR MBEASURE scale at: urement 1n; alent in:
1 inch = 2.54 em 2.54 in. el
1 foot = 0.3048 m 0.3048 ft. m
1 yard = 0.9144 m 0.9144 yd. m
1 mile = 1.608 km 1.609 mi, km
1 mile = 5230 ft. 5280. mi. It.

1 naut. mile = 1.152 mi. 1.152 naut, mi. .
AREA MEASURE
1 8q. inch: = 6.452 ¢m?® 6.452 sq. in, cm?
1 8q. foot = 0,0929 m? 0.0929 s ft. m?
1 sq. yard = 0.8361 m? 0.8361 8. yd. m?¥
1 8q. mile = 2,59 km? 2.59 s(). i, lem?®
1 8q. mile = 640 acres 640. sq. mi. acres
1 acre = 43,560 sq. Tt 43560. acres sq. ft.
VOLUME MEASURE
1 cu. inch = 16.39 ¢em?® 16.39 o1, in. em?
1 ew. foot = 0.0283 m? 0.0283 eu, ft, m?
1 cu. yard = 0.7646 m? 0.7646 e yd. m?
MEASURE OF CAPACITY
1 U8, gallon = 3.785 liters 3.785 U.S. gal. liters
1 U.8. gallon = 231 cu. in. 231. 0.8, gal. i, in,
1 cubic foot = 28.32 liters 28.32 cu, ft, liters
WEIGHT
1 pound = 0.4536 kg 0.4536 Ibs. kg.
1 grain = 0.0648 g 0.0648 grains grams
1 U.8. gallon = 8.345 1bs. 8.345% U.8. gal. 1h.
1 eu. ft, of water = 6243 Ibs. 62.43% e, 1t. Ib.
*Pure water at mazimum density, 86.1° F.
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APPENDIX C
HISTORICAL BACKGROUND

Since logarithms are the foundation on which the slide rule is
built, the history of the slide rule rightly begins with John Napier
of Merchiston, Scotland, the inventor of logarithms. In 1614 his
“Canon of Logarithms” was first published. In presenting his
system of Logarithms, Napier sets forth his purpose in these words:

“Seeing there is nothing (right well beloved Students
of Mathematics) that is so trublesome to mathematical
practice, nor doth more molest, and hinder caleulators, than
the multiplications, divisions, square and eubieal extractions
of great numbers, which besides the tedious expense of time
are for the most part subject to many slippery errors,
I began therefore to consider in my mind by what certain
and ready art T might remove those hindrances.” -

From Napier’s early conception of the importance of simplifying
mathematical caleulations resulted his invention of logarithms,
This invention in turn made possible the slide rule as we know it
today. Other important milestones in slide rule history follow.

In 1620 Edmund Gunter, of London, invented the straight
logarithmic scale, and effected caleulation with it by the aid of
compasses,

In 1630 William Oughtred, the English mathematician, arranged
two Gunter logarithmic scales adapted to slide along each other
and kept together by hand. He thus invented the first instrument
that could be called & slide rule.

In 1675 Sir Isaac Newton solved the cubic equation by means
of three parallel logarthmic scales, and made the first suggestion
toward the use of an indicator.

In 1722 John Warner, a London instrument dealer, used square
and cube seales.

Circular slide rules and rules with spiral scales were made before
1733, but their inventors are unknown.
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In 1775 Thomas Everard, an English Execise Officer, inverted the
logarithmic seale and adapted the slide rule to gauging,

In 1815 Peter Roget, an English physician, invented a Log Log
scale,

In 1859 Lieutenant Amedee Mannheim, of the French Artillery,
mvented the present form of the rule that bears his name.

Cylindrical calculators with extra long logarithmic scales were
mvented by George Fuller, of Belfast, Ireland, in 1878 and Edwin
Thacher, of New York, in 1881,

A revolutionary slide rule construetion, with seales on both the
front and back surfaces of body and slide and with a double faced
indicator referring to all scales simultaneously, was patented in
1891, by William Cox, who was mathematical consultant to Keuffel
& Esser Co. With the manufacture of Mannheim rules and this
new rule, K & E became the first commercial manufacturer of slide
rules in the United States. These had previously all been imported
from Eurape,

Folded scales CF, DF, and CIF were put on slide rules about
1900, to reduce the amount of movement and frequency of reset-
ting the slide. At first the scales were folded at /10 but K & B
later folded such scales at = so that = could be used as a factor
without a resetting. Log Log seales in three sections were put on
K & E rules about 1909.

The Parsons invention of about 1919, which included special
scales for finding the hypotenuse of a right ftriangle was incor-
porated in a rule made in Japan. This rule later included a
Gudermannian scale, patented by Okura, enabling the user to read
hyperbolic funections.

A scale referring to the 4 or B scales to give the logarithms of
the co-logarithms of decimal fractions was introduced on K & E
slide rules about 1924. Puchstein’s secales for hyperbolie funetions,
patented in 1923, were put on commercial K & B slide rules in
1929. The trigonometric scales were divided into degrees and deci-
mals of a degree, thus making it possible to eliminate all non-decimal
sub-divisions from the rule.

K & E introduced a slide rule (patented in 1939) in which all of
the trigonometric scales are on the slide and refer to the full length
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¢ and D secales. In solving vector problems on this rule or other
similar problems involving continuous operations and progressive
manipulation, only the final answer needs to be read.

In 1947, on the basis of Bland’s invention, the scales of the loga-
rithms of the co-logarithms of decimal fractions were referred to
the ¢ and D scales, correlated with the Log Log seales and also with
all of the other scales of the rule, thereby increasing the power of
the slide rule by simplifying the solution of expenential or logarithmic
problems, the determination of hyperbolic funections, reciprocals, ete.

It was about 1910 when the slide rule first began to come into
general use in the United States. In the years that followed, K & E
introduced many improvements in the rigidity of frame, indicator
design, the precision of graduations, as well as a variety of new scale
arrangements, All these have contributed to the wide popularity of
the slide rule and its many uses in the mathematics of sc¢ience and
engineering, as well as for caleulations of all kinds in business and
industry.

Many types of slide rules have been devised and made in small
quantities for the particular purposes of individual users. Rules have
likewise been made specially for chemistry, surveying, artillery
ranging, steam and internal combustion engineering, hydraulics,
reinforced conerete work, air conditioning, radio and other special
fields. However, the acceptance of such rules has been relatively
limited.

The slide rule has a long and distinguished ancestry. The DECI-
LON incorporates the most valuable features invented from the
beginning of slide rule history with new features to meet modem
requirements.

ANSWERS

Answers read between 2 and 4 on the €' seale or D seale contain four significant
figures, the last one being 0 or 5. Hence such answers have the fourth significant
digit accurate to the nearest 5.

§6, Page 8
1. 6 4. 9.1 7. 49.8 10. 0.0826 13. 9.87
20 5. 6.75 8. 340 11. 3220 14. 3.08
3. 10 6. 9.62 9. 47.0 12. 0.836
§7. Page 0
1. 15 5. 0.001322 9. 244 13. 170.5
2. 16.77 6. 1737 10. 67.1 14. 5620
3. 3530 7. 9.98 11. 0.1621 15, 6890
4, 42.1 8. 1341 12. 0.201 16. 2870
§8. Page 10
1. 232 5. 0.000713 0. 1.154 13. 616
2. 165.2 6, 71.5 10. 0.0419 14. 0.0298
3. 0.0767 7. 1861 11. 0.936 15. 4.96
4. 106.1 8. 26.3 12. 1:535 16. 0.332
§0. Page 11
1. (a) 157G ¢) 2209, 4, (a) 9.22 yds./sec.
(g% 2.60 Ed) 2.73%, Eb) 15,02 ft. /see.
5&:) 5.2 3. (a) 178.9 mi. ¢) 186,000 mi./sec.
(d) 4.59 (b% 121.1 mi. 5. (@) 10.13 sec.
2. (a) 26.1% (¢) 2140 mi. Eb) 20.5 hrs.
(b) 64.4% c) 323 hrs,
§10. Page 13
1. 36.7 4, 3400 7. 1586 10. 2.35
2. 8.35 5. 0.00357 8. 0.0223 11. 0.04;14
3. 0.0000632 6. 13,970 9. 0.01311 12. .0977
§11. Page 14
1. 18:85 4, 1.910 7. 0.275 10. 5.45
2. 26.40 5. 24.9 8. 2535 i;, gg‘ﬂé
. 1.584 9. 6. S
3. 246.0 6. 1.58 130
§12. Page 16 I
1. 25.2 3. 0.1202 5. 11.93 7. 5.07 9.,4:49 5, 817.5, 992.1,
. ! 6. 45900 8. 54.9 1435, 1598, 2095,
2. 9.27 4, 123.0 5 5598, 2533,
§16. Page 21
1.z = 433 y T= 106.2 x = 3.97
2.z = 1604 “ ly =804 10. 1y = 0.984
3. ¢ =285 g |z = 1.586 z = 0.272
4, ¢ =522 y=414 1l. [z = 1.315
5.z =230, y = 318 9. [z = 0.1013 y = 1.525
6. » = 1.7, y = 3370 = 0.0769
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§16. Page 21
12. {y =378 13 {:c = 0.00416 14, [z = 0.1170 z = 186
¥ =695 y = 0.0828 ¥ = 0.927 15. 1y = 13.42
2z =503
§17. Page 23
1. 13.71 4, 48.7 7. 42.0 10. 0.1265 13. 9.68
2..230 5. 0.3960 8. 3.14 11. 104.6 14. 47.6
3. 85.0 6. 0.46 9. 3.20 12, 4.07
§18. Page 24
I. 167.6 em. 3. (a) 720 Ib, 5. En} 25,700 watts
249 em, (b) 2055 1b, b) 3,940,000 watts
980 em. (¢) 314 1b. (¢) 621 watts
2. {a_; 274 m. 4. (a) 235 sq. cm. 6. (a) 1.121 gal.
éb 800 m, -gb) 929 sq, cm. (B) 0.00255 gal.
¢) 2.54 m. ¢) 421 sq. em, (¢) 0.1504 gal.

7. 20.0 in., 584 in., 62.7 Ib, per sq. in.
8. () 6.121b. per sq. m., 7.35 Ib. per sq. in., 245 b, per sq. in.

(b) 21.6 eu. in., 33.4 cu. in., 79.9 cu, in., 183.8 cu. in.
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§27. Page 38

1. 6,14 2. 401 3. 0.427 4. 6.68 5. 0.428
§28. Page 40
1. 2.83, 3.46, 4.12,0.43, 2.08, 29.8, 0.943, 85.3, 0.252, 0.00797, 252, 316
2. (a) 231 ft. (B) 0.279 ft. (¢) 5720 ft.
3. (a) 18.05 ft. (b) 0.992 it. (c) 49.8 ft.
§29. Page 42
1. 242 5. 4.43 9. 43.7 13, 109.1
2. 0.416 6. 1.176 10. 294 14. 0.0602 .
3. 8.54 7. 32.8 11. 64.2 15. 1.525X10°
4. 0.0698 8. 398 12. 11.41 16. 1.589
§30, Page 44

2,06, 3.11, 9.00, 9.47, 19.69, 0.1969, 0.424, 0.914, 44.7, 0.855, 909, 2.15, 4.64,
46.4
§31. Page 45
1. 925, 32.8, 238,000, 422,000, 705,000, 3.94 X 108 0.0025, 29.2, 5.39,
0.0000373, 0.84, 1.464 X 101, 571 X 194

2. 76
§32. Page 46

1. 6.14 2. 401 3. 0.427 4, 6.68 5. 9.65
§33. Page 47

1. 8, 13, 9.54, 8.2, 69, 21.8, 0.2688, 0.0875
2. (@) 3.658 ft., (b) 7.292 ft., (c) 5.140 ft., (d) 7.820 ft., (e) 12.05 ft.

1. 625, 1024, 3720, 5620, 7920, 537,000, 204,000,
0.00001267, 0,908, 27,800,000, 2.24 X 10%3;

3. (a) 5.94 ft.%, (b) 3510 ft.%, (c) 0.445 ft.2, (d) 2.76 ft.2.

§19. Page 26
1. 0.0625, 0.00385, 1,389, 15.39, 0.0575, 0.0541, 0.01490 4. 74.0, 10.97
2. 0.00253, 0.000559, 6.21 5. 199.5, 8:55
3. 2,160 6. See answers to Ex. 2, 3, 4,
7. 2.74, 0.364, 0.392, 2.56, 12.54, 0.0797
§20. Page 28
1.z = 1698y = 12.74 T = 0.0481 z=11.07
2.z = 00640, y = 1.415 5. 1y = 0.0435 6. {y = 0.0483
3. z = 154.9,y = 6950 2 = 449 lz = 0.465
4. z = 0.00247, y = 645
§21. Page 30
1. 11,20 To L2 13. 0.00288 19. 3430
2. 2.36 8, 906.1 14. 144,800 20. 4.75
3. 394 9. 0.1111 15. 0.0267 21. 0.481
4. 0.001155 10. 150,800 16. 0.279 22. 3.76 X 10-¢
5. 1.512 11, 15,32 17. 41.3 23. 7.05 X 10°7
6. 1.015 12. 9.76 18. 111.4 24, 2.82
25. 0.0527
§22. Page 33
1. 2.91 4, 184.4 7. 0.0252 10. 2180
2. B35 5, 753 8. 7.49 11. 1741
3. 7.83 6. 12.0 9. 17.52 12. 1766
§26. Page 38

4.33, 3.07, 0.1118,

2. (a) 37.6 ft.% (b) 0.00597 ft.2, (¢) 965 6.2, (d) 2.35 X 108 ft.2,

§34. Page 49
1. 2.19 7. 43,100 12, 12.76 17. 5.03
2. 30.9 8. 1.745 13. 76.3 18. 2290
3. 543 9. 1.156 14. 2,12 19. 0.0544
4. 0.974 10. 1.193 15. 1.281 x 108 20. 3.29
5. 1.52 11. 90.7 16. 0.00369 21. 0.000867
6. 0.0577 22, 27.3
§38. Page 56
0.999
2. (a) 0.5 (b) 0.618 (c) 0.0581 (c.i) 1 (e{)
(f) 0.0276 (g) 0.253 (R) 0.381 () 0.204 (7) 0.783
3. (a) 0.866 (b) 0.788 (c) 0.998 (d) 0 (e:] 0.0349
() 1.00 (g) 0.968 (k) 0.925 (7) 0.979 (7) 0.623
4, (a) 30° (b) 61° (c) 22° (t?] 5.74: (e) 0.86°
(f) 38.3° (g) 3.55° (h) 1.775° (i) 66.9
5. (a) 60° (b) 29° (c) 68° (c_i=) 84.2?“ (e) 89.14
(f) B1.7° (g) 86.45° (h) 88.22° (z) 23.1
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§39. Page 58 §47. Page 73
. (a) ¢ = 6.10 (B) 0 = 54° (¢) » =304 (d) 0 = 4,992° i. € ="75° 8. B = 46.5° 15. A = 55.3° 23. ¢ = 1238
6 = 6L.7° z =216 y =445 ¢ = 8.08° I R D e =71 B = 34.7° B =331°
 (a) 2.5 () 10.39 () 44 (d) 439 D=0 45 gl e ¢ = 116.69°
(e) 25.4 (f) 44.2 (9) 17.69 (k) 17.0 e=i08 3 e SRGIEL kR
. (a) 5.86° (b) 55.8° (¢) 83° () 59° 2. C = 55° Lt L R "B = 100850
. (a) 35.4 (b) 80.7 (c) 81.9 (d) 262 b= 70.7 a =244 . % St A
. (@) 0.978 (b) 6.02 (c) —9.14 (d) 1645 a = 56.1 ¢ =536 0 i
3. C =1232° 10. B =17.88° 17. B = 35:3° 25. B = 31.35
. b = 2255 b= 26.9 € =84.7% o=l
§40. Page 61 e = 2600 e = 876 ¢ = 138 bi= 18.67
0.142, 0.515, 1.907, 0.0177, 3.55, 19.1, 1.09, 4 C =553 11 A4 =369" 18 A =878 26 4 = 7915
7.03, 1.94, 0.524, 56.40, 0.282, 0.0524, 0.918, b = 568 B = 53.1° o= L g'gg'
- (@) 1850°  (b) 38.15°  (c) 42.60°  (d) 28.37°  (e) 3.38° ¢ = 664 b =80 g L (T
(1) 469°  (g) 23.36° (k) 2465°  (s) 0.855°  (j) 20.5° 5. B=51.33° 12, A =433°  19. Impossible EriA 18
(k) 74.95° (1) 77.91°  (m)86.68°  (n) 45.85° (o) 50.95° ¢ = 81.0 B = 48.7° 20. B = 28.6° B g-ggg
- (2) 76.5°  (b) 51.85°  (c) 47.40°  (d) 61.63° () 86.6° b =632 b = 0.662 ¢ = 90° e =0
(f) 85.3° ((J') 66.6° (h) 87.54° (z) 89.145° (J) 60.5° 6. A = 21.17° 13. B = 37.32° b =479 28. 160.7 .Yd.
(k) 15.05° (1) 12.00°  (m)3.37° (n) 44.15° (o) 39.05° b = 1884 a = 5570 2l. A = 1.8 20. 7.07
4. (a) 2855°  (b) 24.09°  (c) 63.4° ¢ = 2020 o=y O=i58.1> 3. 35.3°
(d) BL7°  (e) 50.2°  (f) 83.14° 7. B = 26° 14. B = 34.;“ a = 0.076 31. 1265 ft.
a = 410 A = 55.6° 22. b =279 029 vds.
¢ = 456 o= 422 ¢ = 284 3 LT
§41. Page 64 ¢ = 100,83°
1. (a) 0.0247 (b) 0.01454  (c) 0.0436 (d) 0.0466 §48. Page 75
2. (a) 1.044° (b) 2.65° (¢) 4.96°
3. (@) 0.0627 (b) 0.000627 (c) 0.627 (d) 6.27 L A =313 4, A = 33.15° 7. A = 45°
4. (a) 1.696° (b) 16.96° (¢) 0.01696° B = 58.7° B = 56.85° B = 45°
5. (@) 1592  (b) 7.59 (e) 0.00000548 (d) 50.6 ¢ =237 ¢ = 499 B L0
6. 0.0597, 0.0597, 16.75, 16.75 2 A= 41088 5. A — 30.5° 8. A = 30.6°
7. 0.000977, 0.000977, 1023, 1023 ST B = 50.5° B = 59.4°
8. 0.00436, 229, 229, 0.00436 . _ 1538 Rl ¢ =825
9. (a) 60°,  (b) 135° (c) 2.5° (d) 1° (e) 150° i W 0. A = 37°
0. (a) 0.0209 (b) 0.0846  (c) 5.40 (d) 200  (¢) 0.0400 S e B — 99620 B = 86.3°
() 55.5 ¢ = 55.2 & =43 ¢ =48
§43. Page 67 18-.50
. 30,5 6. 16.79 11, 1.35 16. 1.225 21, 0.001086 §49, Page 77
. 0.36 7. 5.26 12. 1647 17. 0.0771 22. 50.9 - 5
46 8. 254 13. 2.04 18. 0.0963 23. 0.01875 LA =8t 8 A = 05" AEAR )T 7oA = abT A =B g0
243 9. 0.0679  14. 0.720 19. 38.2 24, 0.0432 B = 58.7° B = 25° B = 50.5° B =45 B = 86.
. 1423 10. 0.267 15. 4.25 20. 0.00319 e =237 ¢ = 55.2 ¢ =44 ¢ = 18,67 ¢ =48
- (@) 6=2494°  (B) y = 00781  (c) y = 2580 (d)y = 253 2. A =4105° 4 A =3315° 6. A =673%° 8 A =306° 10.50°
a = 40.15° 0 = 4.485° B = 48.95° B = 56.85° B = 22.62° B = 594° 11. 186, 20”’
(€) y=1145 (f)y = 00885 (g)y =0.638 ()9 = 4.13 (i) 16.43° ¢ = 1538 ¢ =499 ¢ =13 c=825 12 19.02, 25
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§50. Page 78 §55. Page 00
1. A =1199° 4. B=302° 7. 4 =1211° 11, 10 and 4.68 L z=2358y=1936 5 2=10791b. 10. z = 9.25, 6 = 27°
B'='31 1" 0 = 78.8° ¢ = 24° 12. 4.93 mi. r = 324, § = 55.6° U = 26.7 lb. G = 0.0963
¢ = 526 a = 3.21 b=00828 2 1.0 _oigf w =180, 6 =43.2° 6, » = 7.81,0=742° B = 0.0491
2. A =4905° 5 A = 100.95° 8. A — 77.9° . Dep. = 478 ft; 2. 16, 20° 7. 4.5, 126.9° 11. z = 14.42, B = 0.0551
¢ = 79.15° € = 33.05° B = 43.5° ’ - 3. 20, 25° 8. 206.6° G = 0.0422
b = 104 b =198 ¢ = 1499 4. 24,07 9. m = 8.94
3. A =55° 6. A = 46.4° 9. B = 13.3%° G
B = 40.4° € = 6.4° ¢ = 28.32°
¢ = 285 b =743 a = 7420 §57. Page 03
1. (a) 42.3° 2. (a) T0.5° 3. ic= 175" 4, (a) A =129.6°
§51. Page 80 (b) 69.2° (b) 54.7° A = 101.05° (b) A = 148°
L4 =10677° 4 A =492° 7. A = 446° 10, 51.9° ol () B8.7¢ b= 11,61
B = 46.9° B = 37.6° B =49.5° 59.4°
C = 26.33° ¢ =93.2% ¢ = 85.9° 68.7° §58. Page 95
2. A = 27.35° 5. A = 10637 8. AL=-83.7° 11, 72.58°
B = 143.1° B = 37.9° B = 59.3° 1. (a) 64.15° and 115.85° 3. ¢ = 15767
C = 9.55° C = 35.8° ¢ = 36.9° (b) 137.4° A = T78.5°
3. A = 52.4° 6. A = 489° 0, A = 53.1° 4, (@) d = 1020 nautical miles, ' = N 40.7°W B = 114.7°
B = 59.4° B = 58.4° B — 59.5° (b) 618 nautical miles, = N 78.8° W
C = 68.2° 0 ="73.4° C = 67.4°
§61. Page 09
§52. Page 82 1. 4zt 3. Szoyt 5. Ale12g—10/y
- 4, 16c5d-12 6. 22— 21 + 1
1. B, = 66.1° 3. 4y = 703° 5. B, = 45.3° (A s ‘ EE A
C; = 58.5° By = 5787 ¢ = 99.1°
¢ = 1886 by = 288 e = 300 §64. Page 104
By, = 113.9° As = 109.7° By, = 134.7°
0y = 10.7° By = 17.9° Cy = 9.7° 1. 6.21, 3.91, 0.693, 0.3365, 0.0421
¢ = 4.08 by = 10.51 e = 51.1 2. —6.21, —3.91, —0.693, —0.3365, —0.0953, —0.01975
2. B, = 16.72° 4. A, = 69° 6. Ay = 51.3° 3. (a) 4.33 (d) —0.1744 (g) —0.0954
A, = 147.46° C, = 67° 0, = 88.7° (b) 2.03 (e) —1.03 (h) 0.358
ay = 85.5 a = 6.93 & = 21,000 (c) 2.22 (f) —0.1132 (¢) 0.0421
B: = 163.28° Ay = 23° Ay = 128.7° 5. 1.386, 0.25, 1.1488, 0.8705, 1.01396, 0.98623, 1.001386, 0.998614.
A; = 0.9° = 113° ¢, = 11.3° 6. 24.1 yr.
az = 1.04 a = 2.91 = 4290 7. 64.6 days 9. 11.55 yr.
7. p = 3.13; (2) none, (h) 2, (¢) 1 8. 1.356 hr, 10. 0,742 neper.
§65. Page 106
§54, Page 86 .
1. (a) 20.1 (¢) 1.03562 () 0.0854
1. 677 4, 415 7. 382 10. 284 ft., 201 ft. (b) 0.049% (f) 0.9656 (7) 348
2, 1734 5.41.7 8. 89.3 ft. 11. 864 ft., 708 ft., 246 ft. (¢) 1.492 (g) 3.827 (k) 0.9740

3. 1294 6. 376 9. 10,910 ft. 12, 7.87 mi. (d) 0.670 (k) 0.2613 (1) 1.0890
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§65. Page 106
2. (a) 8.33 (c) 1.2361
(b) 0.1200 (d) 0.8090
3. (a) 54.6 (d) 1.0216
(b) 3640 (e) 0.0334
(¢) 1.537 (f) 0.8496
4. (a) 2.028 (f) 0.4321
(b) 0.493 (¢) 9.36
(¢) 0.6553 (k) 0.1069
(d) 1.526 (1) 0.686
(e) 2.314 (7) 1.458
5. 17.33 sec.
6. 29.69 b,
§66. Page 108
1. 1,238 4. 0.822 i
2. 6.25 5. 1.155 8.
3. 0.887 6. 0.544
§67. Page 100
1. (a) 5.86 X 109 (d) 4.79 X 10=*
(b) 6.75 X 10 (e) 2.8 X 107
(c)Mﬁ.23 % 10~2 (f) 276 X 10°
2. (a) 1.8 X 107 (¢) 2.7 X 1075
(b) 3.48 X 107 (d) 2.45 x 104
3. (a) 6.01 X 1077 (¢) 8.48 X 104
(b) 9.04 X 10 (d) 2.37 X 10°
4. (a) 4.81 X 101 (¢) 159 X104
(b) 1.17 X 109 (d) 3.8
5. 5.88 X 10 mi,
§68. Page 110
1. 0.2, 0.8, 09615
2. (a) 0.0625 (d) 0.513 (f) 0.860
(h) 0.284 (¢) 1.330 (g)'0.9860
(c) 64.5

L
L

(e) 1_.02143
(1) 0.9790

(g) 0.9817
(h) 0.00203

(k) 1.781
(1) 0.561
(m) 25.0
(n) 25.95
(0)2.201

= 1202 ft., &
= 504 ft., s

(¢) 9.1 X 107
(h) 4.95 X»10°
() 8.645 X 1077
(e) 8 3 104
()2 X104

(s) 1.288 X 10t

(e) 2.38 X 101
(f)3.44 % 102

(k) 1.0510
(i) 0.99255

53.0 ft.
98.4 ft.

. 44,7, 1.462, 1.0387, 1.00381
. 1.00382, 1.0388, 1.464
. 1.1043, 1.00997, 2.70

. 260, 0.00381, 3700, 0.000270, 0.00129
2. 1.0896, 1.00862, 0.99144, 0.691
. 0.9688, 0.9747, 0.684
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§69. Page 112

. 4, 25, 49, 64, 0.25, 0.04, 0.0204, 0.015625
. 0.7646, 0.626, 0.405, 1.308, 1.598, 2.47

0.3333, 1.1161, 0.8960, 1.01105, 0.98908

. 9, 0.1111, 16, 0.0625, 36, 0.0278, 81, 0.0123, 166.4, 0.00601

0.9434, 1.791, 0.5534, 339, 0.00295

. 10, 0.7943, 1.259, 0.97724, 1.0233
. 5, 0.2, 1.1746, 0.8513

0.5927, 1.687, 0.00535, 187, 0.9490, 1.0537

§70(a). Page 114

. 44.7, T30, 20000

5.15, 3.60, 2.86

. 1,988, 2.62, 1.1063, 1.1666, 1.283, 1.291
. 1,0339, 1.078, 1.006, 1.0202, 1.0164, 1.01055
. 1.00083, 1.00602, 1.00475, 1.00308, 1.00159, 1.001064

§70(b). Page 116

4, 2.55, 10983, 1.00941, 11700
5. 10331, 8000, 8.22

§70(c). Page 116

4, 1487, 22.5, 0.5553
5. 1.0281, 1.346, 1.00507

§70(d). Page 120

1. 1.0474, 1.589, 0.00975 9. 114 20. 0.0532
2. (a) 1.0550, 0.9479, 0.5857 10. 0.0879 21, 3.00

(b) 48.6, 0.0206, 1.0396 11. 1.1874 22, 0.333

(¢) 0.576, 0.00403, 1.0567 12, 1.01736 23. 4.14

(d) 0.283, 1.01269, 3.53 13. 0.842 24. 0.242
3. 1.707 14. 0.0492 25, 2.23
4. 2.534 15. 2.380 26. 0.9365
5. 1.475 16. 0.8205 27. 0.0764
6. 0.9646 17. 0.9437 28. 1.2934
7. 0.0273 18. 329 29. 3.893
8. 36.7 19. 0.9707
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§71. Page 123 §73. Page 128

. 16.
2. (a) $1402 (b) $1407 (c) $1409 (d) $1410 2
3. $381

4. (a) 500 (b)$494 (c) $491 (d) 8488

5. (a) $1107 (b) $754 (c) $568, $892, $1246, $1432 10
6. Pay for rug now

(a) $7360 (b) $61,080 (c) 824,600
(a) $10,280 (b) $22,120 (c) $209,000
9. $6960 X 0 10 20 29
10. (a) $295 (b) $398 (c) 3901

11. (a) $4340 (b) $7900 (c) $10,810

=

1477
1301

@ N

s

—

12. $3180 -1 POINTS ARE (01,-2),(1,0),(10,1),(20,1.301),(30,1477)
§72. Page 125
-2_
1. 2.365 9. 0.13%6 Y
2. 1.333 10. —4.57
3.5 11. —24.3
4, —0,508 12, —447
5. 0.0899 13. 2:29 §75. Page 134
i ?ﬁ?ﬁg ’ ;(}131'24 T . 1. 20 10. 0.856 19. 1.0989 28. 6.35
8. 2,303 P 2. 2.864 11, 0.2119 20. 1.53 20, —1.988
ST 3. 2.155 12. 0.00435 21. 0.791 30. —0.3356
4. 2.335 13. 0.5805 22, 0.524 31. —6.55
§73. Page 128 5. 1.935 14, 0.9471 23. 49 32. —70.7
6. 07275 15. 9600 24. 0.847 33. 1.253
1. 0.540 4. 0.260 7. 0.00324 7. 0.058 16. 2.5 25. —0.379 34. —0.467
2. 3.47 5. —0.505 8. 0.02292 8. 0.752 17. 1.096 26. 1.541 35. 0.23
3. 1.458 . 6. —3.509 9, —2.202 9, 0.9846 18. 36 27. 17.54 36. 48
10. 10.61 (db) below sound being tested
11. 16,95 (db)
12. Quiet house 39.64 db., Very loud thunder 118.76 db. §76. Page 135
Ordinary conversation 57.3 db, Threshold of pain 119,54 db, 1. 2.49 X 10% 5. (&) 5.56 X 108 6. (a) 4.31 } 10* 8, 57.19
RS O (o) omt (¢) 10,68 db_ 2. 2.23 X 108 () 442 X 108 (b) 3.44 X 10° 9. 5.74
N (@) 35ke 0, (£) 0.0652 db. 3. 552 X 10-1 (¢) 224 X 10711 () 1.0061 10. 5.76
14. (a) —324db.  (b) —4284db, (c) 17.42 db. (d) 20.5 db. 4. 0.81 (d) 0.797 (d) 1.0067 11. 0.00283
St R 7. 4.467 12. $557,000
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§77. Page 138

1. 1.00440, 0.9912, 1.092, 1.1414
2. 1.0007 INDER
3. 0.98404, 1.01620, 0.99839, 1.00161
4. 1.003, 0.997, 1.0032, 0.9968

5. 1.0413, 0.9604

A Cireumference of cirele . . . . . 14

6. 1.0000416, 1.000416, 1.00416, 1.0424 A atid B tealos Closed, definition of . . 5

0.9999582, (.999582, 0.99582, 0.9590 deseription . . . . . . . .. 39 Color rehtmnships, trtgunomvtr:u:
tabular values of bqump roots . 39 seales .. ks 9, 159
. in combined operations . . . 41,48 Combined oper ations . . 15, 28, 51
§77. Miscellaneous. Page 138 tabular values of squares . . . 4‘ with reciprocal scales . . . . . 28
explanation . . . . . . gquare rootgin . . , . . . 41,48

1. 119 9. 0.5769 17. 1.78 25. (a) $12,100 Accuracy . . . . . 4,63 (faotnote) cube rootsin . . . . . . .. 48
2. 1.981 10. 0.561 18. 318 (b) $635,000 ARE b e o L ) a1 (,n‘:;{tgo;nﬁaﬂg?ﬁlﬁ?;f iggctmna . 65
3. 0.1755 11. 28 2 ; Arclength . . . . . . Sl 91 r '

4. 0.698 = il (c) M'G.DD.UUU Area ﬂfggzrcle ........ 37,51 Logarithms, common.

3l 12. 0.347 20. 1.254 (d) $20,000,000 Compound interest . . . . . . 121
5. 0.285 13. 0.914 21. 2.99 (e) 4,840,000 Constants, locating marks for . . 165
6. 0.882 14, 0.916 22. 2.05 gcn_ver‘l-mn fact.?ja oz g 167

_ ‘osine law, see Law of cosines.
;. ?323 TS 0.9697 23. 0.45 _ B Cosines, tabular values . . &5, 56, 68

- L 16. 0.996 24. 0.1613 s Cotangents, tabular values . . 60, 63

B scales, see A and B seales. Giibas B nin b
Blaek lona; defined., . . . . . . 100 Bealnatin = 42. 51
Bod R A s i o s
R mhOte: 2 K ) explanatlon sy Mzl h et S 154
Cuhe roots
evaluating. . . .« . 43: 5]
in combined apcmtmns W e we | A
C explanation . . . . . . .. . 154
bl an d D seales Cycles of seales . . . . . . . . 145
in multiplieation'. . 4 . . 6
TR bai 17y LU A e B Rk 9
proportion prmcxple Lol hriibde i 18
design of . . . e . . . 144 D
Capacitance . . . L ARIs 1t
CF and DI scales, desonptmn . . 12 D scalg, see C and D seales,
in mulhphcatlon and division . 13 Deécibels . . . . . . . . . . - 127
in multiplying or dividingbyw . 13 Decimalpoint . . . . . . . . . 4,686
circumference or diameter of TN HPEATER = :o o & ) = o8 s 36
eirelen = o - P ey W 2 ] in square roots . . . . . 40, 152
pro‘mrtmn pmnmplL AR g B incuberoots . . .. . ... 43
explanation © 5 5w w Al 148 in sines and cosines . . . . . 54
Characteristie of logarlthm yrlome: & B SRR
detitiane, | T i D edh in powers of numbers . . . . 113
NEEALIVE . . . . . o . 146 Degrees
determination TR A converting to radians, with SRT
€1, DI, and CIF scalos e R R S 62
recipmcals R R D, with “R”lor-u.tlug mark . . . 166
in proportions . . . . . . 27,34 DF scale, see CF and DF scales, ]
in combined operations . . . 28  Dligeale,seeC1, DI, and CIFseales.
in electrical engmmrmg c.:.lcuh— Diameter of circle . . .
tions . . ; . 31 Division . ; o s 9, 16
in right trla.ngles iy oy SRR with CF and DF scales . . . . 13
explanation . . 0oL L . 150 WAL St = el 13,157
@irele, arenof-. . 4 ¢ o 4 @ 3751 as form of proportion . 23

183
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by trigonometric functions
explanation . .
“Draw the number, definition

¢, definition
powers of
explanation . . .
Tlectrical engineering ‘caleulations 31
Equations, formed from propor-
tions .
Equivalent quantities
Exponents
laws of . R
explanation . . . .

F

Finance, mathematics of . . 121
Folded scales, see CF and DF seales.
Frequency, electrical engineering . 31

Great circle

Hairline .

History of slide rule
Hyperbolic functions .

Index
definition
use of either
Indexes
interchanging
of Lon secales
“Index Power Ranges”
Indicator .
Interchangin indexes
Interest, in financial equations
Inverted ﬂcalea see O, DI and
CIF scales,

K scale
deseription
cube roots
cubes .
in combined uperatmns. 508 b
explanation . . .

L

L seale
as reference basis for logarithmie
scales
as table of cormmon lcg*xrlthms g
Large numbers,
Law of cosines ]
in gpherical tr!angles
Law of sines ! :
in spherieal tri angies
Legends
on 8 and SRT seales
on T scale
on Lon scales
Lns, see Loganthms, natural.
Loecating marks
Logarithms
rules for comhining :
to any base . . . . ., 123
Logarithms, common
efinition . . . e i
tabular values on Lon scales l2a.
tabular values on L seale . .
Logarithms, natural
definition , . . . . . . . 101,
tabular values . 101,
Logarithms to base 10, see Loga.-
rithms, common.
Lon seales
deseription .
legends . . . B et LBl
continuous relation to ¢ scalea :
proportion principle
explanation of .
functions of . .
design of
indexes of . :
Lons, see Logarithms, natural.

Mantissa
definition . . .
relation to scales .
Marks, localing .
Mated scales

140

142
140

. 147

161
139

163
129
1

INDEX 185
Minutes, sine of angle given in. . 166 R
“Mated Seale” principle . - . . 116 pogane
Multiplication : .o 6,8,10 definition . . . + « .+ . s 61
*gsmg CF and DF scales . . i3 }[E converting to degrees with SRT
YTl & oo ds SRS seale . .. e e e e e e 62
as a form of pmpt)rtlon el 2t with “R” lona,t'ng mark . . . 166
by trigonometric functions . . 57 T o o o e 10
explanationof . . . . . . . . 143 Ratio, definition . . . . . . . . 18
Reactanee. . . . . - . o B
Reading seales . . . . . . . . 1
Reciprocal seales, see CI, DI and
CIF seales.
Reciprocals
3 e T 02T 418 b et M s L 2L (T 25
! s evaluation with CTand C scales . 25
Naperian logs, see Logarithms, multiplication or division by . 26
Nn&"i';““'l' using mated Lon seales . 110, }4(1]
UIHRSLS ; explanation . . . . . . . . .13
greater than 30,000 . . . . . 135 pectilinear figures . . LN
less than 0.00005 . . . . . : 123 Red Lon scales, definition . . . . 100
1 SR G eSO IEC VI L Red numbers, on trigonometric
geales w o ) E o s S 53-56, 65
0 5
S seale
Opposite . « « v ¢ o o 0 v 5 deseription . . . . . . . . . 53
graduations on . . oo ok
evaluating sines and cosines . . 54
design of . . e i oD
"nge Seale” ])rmmple S
P Scales
cube root, see K scale.
Percentnges .......... 10 folded, see 5 TF and DF scales. h
how to rew
multlplymg and dividing by 13, 16 inverted, see WT DI and CIF
with locating marks . . . . - 165 seales.
explanation . . . . . S L Lon, see Lon scales,
Powers reciprocal, see CI, DI, and CIF
definlition . . « = = o e owos 141 seales,
0? &'rlly number . 110, 113, 139 r-qu?m, 4313‘3 ggé agﬂ Sg2 scales,
rers of € also A an scales. L
Pu;:ji:lgtmﬂ : . 105, 139 tngonomutrm,l see S seale, SET
explanation . . . « . - . . 164 scile, T scale.
Powgra of-ten notation . . . . . 108 Rpmnd'\r\ marks . . o2
Primary marks . . - o . - . o Seconds, sine of angle gwon in . 166
Proportions Signifieant zeros 5
definftion . . & e s o F w5 o 18 definition . . . Pa—
proportion pnnmpl{, o a8 gri g in ;m_u ares oIf numfbers S T Bk
1 setting . . . R ine law, see Law of sines.
]f-g-:'t;:frm{é frorrg'. eqtlatlon‘i < s » 22 Bines '
in equivalent q nantities . . . 24 talnahlm' \gltkues = 5 54,6 gﬁ,lgfé
reciproeal sealein . . . . . 27 small angles . . . . ... :
mvr?lvmg trigonometric Slide rule
functions » . = + « = = - 57, 69 ACCUTACY . . = ¢ = o o s 4t 4
in Lon scales . .. 131 history . . . . . . . . . ow v 168
“Pyush the hairline, # definition , . B Small pumbers . . . . . . . . 135
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Spheres . . S s et e T

Sphelmal triangles . . . . . . . 91 7 gseale

Sg1 and Sg2 scales L for evaluating t.a,ngents . . b9, 68
deseription . . . .. 35 explanation . . S D
finding square of a number . . 35 Tangents, see T scale.
finding area of eirele . . . . . 37 ‘Tangents of small angles . . . . 63
in computations . . .. ..o 38  “Tepth Power” principle . , . . 115
finding square roots . . . . . 46 Tertiary marks . 2
explanation . . . . . . . . . 183 Triangles, solution of see boxed

Squares of numbers guide, page 70, and visual sum-

definition . . 35 e 06
tabular values with bqf and ng T;jﬂiggs{”;’;ﬁ,g:ﬂm o a1
scales . . . .. .. . .3500  Trigonometric functions
‘ in computations . . 5 B e Ny 50
tabular values with A and B e multiplication and division by 57
scales . . . . - .45, 50 in proportions . . . . . . . 57,69
| explanation . . . RNl £ color relafionships . . . . . . 65
SQ(T:EEE‘:&E" of numbers 49 in combined operations . . . . 68
tabular va.lue», with A4 and B Sxplaauan atisedles (SR SR te
Boalds . ... . 4 e e a9
decimal point . . . . . . . . 40
in combined operations . . 41
tabular values uging Sy and .Sr,r.%’
sca.lels s . . 46, 80 v
in combined oper m,lrmq o w25
explanation .l. 151 Yeetors. . .o a8
Byuare scales, see bgf ‘and Sg?
seales.
SET scale
deseription . ... . . . . . &3
tabular values of sines . . . . 24 -
radians and fangents . . . . . 0l
explanation . . . . . . . . . 157 Zeros, significant . . . . . .o 36
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